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Chapter 1

Preface

Active Contour Models, also called Snake models, are powerful techniques for
boundary extraction and segmentation of 2D images. Despite of their abilities,
the non-invariance of the internal energy under affine transformations, the non-
convexity of the model energy functional and the inability to deal with topological
changes are known limitations for most of these methods. In this book we describe
some techniques to address these limitations. The non-invariance of the internal
energy has been addressed in the context of active shape models and Lie groups.
The non-convexity of the model energy can be addressed through Dual contour
approaches, diffusion approaches, as well as an automatic procedure to initialize
the model closer to the desired boundary. The problem of topological changes is
addressed by embedding the snake in the framework of a simplicial decomposi-
tion of the domain or through implicit formulations. In this text, we offer some
background in parametric snakes, followed by a taxonomy of deformable models
for image processing. Then, we discuss mathematical elements behind the main
works that address the mentioned problems. Next, we survey snake approaches
according to the presented taxonomy. In order to complete the material, we ded-
icate a Chapter for extensions to Deformable Surface approaches. Finally, this
lecture ends with a discussion on snake approaches, some drawbacks and future
works. We survey applications for shape recovery in cell and ultrasound images.
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Chapter 2

Introduction

Deformable Models, which includes the popular snake models [1] and deformable
surfaces [2, 3], are well known techniques for boundary extraction and tracking
in 2D/3D images. Basically, these models can be classified in three categories:
parametric, geodesic snakes and implicit models. The relationships between these
models have been demonstrated in several works in the literature [4, 5].

Parametric Deformable Models consist of a curve (or surface) which can dy-
namically conform to object shapes in response to internal (elastic) forces and
external forces (image and constraint ones) [6]. Snake models, also called active
contour models, are 2D deformable models proposed by Kass at al. [1] which
have been successfully applied in a variety of problems in computer vision and
image analysis [6, 23]. Its mathematical formulation makes easier to integrate
image data, an initial estimated, desired contour properties and knowledge-based
constraints, in a single extraction process [6]. In what follows, we will focus
mainly on snake models.

For Geodesic Snakes, the key idea is to construct the evolution of a contour as
a geodesic computation. A special metric is proposed (based on the gradient of
the image field) to let the state of the minimal energy corresponds to the desired
boundary. This approach allows to address the parameterization dependence of
parametric snake models and can be extended to 3D through the theory of minimal
surfaces [7, 5].

Implicit models, such as the formulation of level set used in [8], consist of
embedding the snake as the zero level set of a higher dimensional function and to
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solve the corresponding equation of motion. Such methodologies are best suited
for the recovery of objects with unknown topologies which is a limitation for most
of the parametric models (see [9] for a review).

In fact, despite of the mentioned capabilities, parametric models in general can
not deal with topological changes. Among the approaches to deal with the topo-
logical limitations of the traditional snake model [10, 11, 12, 13], the T-Snakes
has the advantage of being a general one [14]. In this model, topological changes
are addressed by embedding the snake in the framework of a simplicial domain
decomposition, using classical results in the field of combinatorial topology [89].

Besides, parametric models are too sensitive to their initial conditions due to
nonconvexity problems (see [118] and references therein). To address this prob-
lem, some authors have proposed Dual approaches [17], multiscale techniques
[15], simulated annealing [90], dynamic programming (DP) [16], learning tech-
niques for initialization [98, 105, 81], as well as a two stage approach [91, 42, 22]:
(1) the region of interest is reduced; (2) a dynamic programming (DP) technique
is used to find the object boundaries. Among these methods, dual approaches,
also called dual snakes [17], are of special interest in this work. The basic idea of
the dual snakes is to reject local minima by using two contours: one which con-
tracts from outside the target and one which expands from inside. Such proposal
makes possible to reduce the sensitivity to initialization through the comparison
between the two contours energy and positions. The two contours are interlinked
to provide a driving force to carry the contours out of local minima, which makes
the solution less sensitive to the initial position [17].

The non-invariance under affine transformations is another limitation of the
traditional snake models. As a consequence, the internal energy is sensitive to
distortions due to changes in viewing geometry. From a dynamical point of view,
it means that the elastic forces may affect the efficiency of the energy minimization
process [19, 20]. Some methods have been proposed to address this problem
[19, 21], even in the context of dual active contour models.

In this lecture notes we describe some techniques to address these limitations.
In Chapter 3, we offer the theoretical background on snake models. We start on
section 3.2 with a review on the original snake model which is a continuous and
parametric one. Then, in section 3.2.1, discrete models generated through finite
difference approximations for the original model are described.
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The Chapter 4 gives mathematical elements in invariance theory and Lie
Groups approach, linear and non-linear scale space, Support Vector Machines
(SVM) and Neural Nets. These methods have been used for invariant snakes meth-
ods [21], pre-processing techniques [15, 23] and model initialization [98, 105, 81],
as will be discussed in Chapters 5-8.

The non-invariance under affine transformations is addressed in Chapter 5
through the application of invariance theory for snakes. We present some de-
tails of the AI-Snake - a discrete and affine-invariant snake model [19]. Then, we
discuss the application of Lie Groups in this context. We analyze the effects of
reparameterization and indicate potential applications of Lie’s Invariance Theory
for snakes (section 5.2.1).

Linear scale spaces are commonly defined by the Gaussian blurring. The stan-
dard deviation of the Gaussian controls the scale to process the data. In this case,
we get a multiscale representation of an image by generating a one-parameter
family of derived images through the convolution of the original image with the
Gaussian kernel. Multiscale techniques have been developed to provide a way to
isolate, analyse and interpret structures of different scales within an image. In the
context of snake models, multiscale techniques can be used to parameterize the
image field over the snake evolution, as we shall see in section 7.2.

Support Vector Machines (SVM) and multilayer perceptrons (MLP) are super-
vised statistical learning methods [101]. These methods cover important topics in
classical statistics such as discriminant analysis, regression methods, and the den-
sity estimation problem [113]. Moreover, in the classification problem, we try to
distinguish separated subsets (classes) and to find out an approach to automati-
cally label data points according to the class they belong [101]. In the case of
supervised methods, the learning typically occurs through training, or exposure to
a know set of input/output data. The training algorithm iteratively adjusts model
parameters, which store the knowledge necessary to solve specific problems. The
key idea to apply these methods for snake initialization is to get a classifier (by
training) that provides the initial contours which are close to the correct bound-
aries. Sections 6.4 and 8.3 present works in this area that uses SVM and MLP as
the classifiers.

Automatic initialization of snakes and multiscale representations are ap-
proaches to address the non-convexity problem. Another way is through dual
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snakes, which will be discussed during Chapters 5-9.
Section 3.3 offers a taxonomy in this area that steers the presentation. We

sort the target techniques according to that taxonomy. Therefore, Chapters 5-8 are
oriented following the proposed taxonomy. Besides, we survey applications for
shape recovery in cell and ultrasound images. We also dedicate the Chapter 9 for
extensions to Deformable Surface approaches. Finally, Chapter 10 presents some
discussions and drawbacks of snake approaches.
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Chapter 3

Background in Snake Models

3.1 Introduction

The snake model [1] is a kind of deformable model which can be used to pro-
cess 2D or 3D data [6]. Considering as a functional energy minimization process
then snake models consist of an initial model which is carried to the desired object
boundary by forces described by the Euler-Lagrange equations. In a different way,
the snake evolution can be formulated by local deformations to reshape dynami-
cally the initial model in a process which do not apply minimization techniques
explicitly. The former formulation is the original one proposed by Kass at al. [1].

3.2 Original Snake Model

In [1] a snake is geometrically defined as a parametric contour c, here assumed to
be closed, embedded in a domain D ⊂ <2:

c : [0, 1] → D ⊂ <2; c (s) = (x (s) , y (s)) . (3.1)

We can define a deformable model as a space of admissible deformations (con-
tours) Ad and a functional E to be minimized [44]. This functional represents the
energy of the model and has the form:
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E : Ad → <,

E (c) = w1Eten (c (s)) + w2Erig (c (s)) + γEext (c (s)) ; (3.2)

where

Eten =

∫

[0,1]

∥∥∥∥
dc

ds

∥∥∥∥
2

ds , (3.3)

Erig =

∫

[0,1]

∥∥∥∥
d2c

ds2

∥∥∥∥
2

ds , (3.4)

Eext =

∫

[0,1]

P (c (s)) ds, (3.5)

are the tensile, rigidity and external energy terms, respectively. The first two terms
compose the internal energy of the model. The parameter w1 (tension) gives the
snake the behavior of resisting to the stretch while the parameter w2 (rigidity)
makes the snake less flexible and smoother. In order to verify these features let
α represents a reparameterization; that is, α = α (s). So, we can compute the
derivatives:

dc

ds
=

dc

dα

dα

ds
, (3.6)

d2c

ds2
= K−→n

(
dα

ds

)2

+
−→
T

d2α

ds2
, (3.7)

where
−→
T e −→n means the tangent and normal vectors and K the curvature. There-

fore, we observe from equation (3.6) that if we increase the arc length (dα/ds > 1)
we also increase the value of the energy (3.3). Also, from equation (3.7), we see
that the energy (3.4) incorporates the curvature K in agreement with the expla-
nation for the parameter w2. Besides, the internal energy has a global minimum
when the curve shrinks to a point. So, we have a contraction effect which may
be undesirable and difficult to control [45]. The problem behind this fact is the
non-invariance of the internal energy under affine transformations which was dis-
cussed in [19, 21].

The parameter γ scales the external (image) energy and controls the sensitivity
to image features. The parameters w1, w2 and γ can be constant or dependent on
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s [15]. In the external energy Eext, P is the potential associated with the image
data and is narrow related with the features we seek. For edge detection in a grey
scale image a possible definition is [6]:

P = −‖∇I‖2 , (3.8)

or simply:
P = −‖∇I‖ , (3.9)

where I is the image intensity and ∇ is the gradient operator. When minimizing
the functional E (c) we get a curve localized in high gradient regions, due to
energy Eext, but with the desired smoothness which is controlled by the internal
energies Eten and Erig.

In the reference [1] it is applied Euler-Lagrange equations in order to minimize
the energy functional given by expression (3.2) [92]. That functional has the form:

E =

1∫

0

L (c, c′, c′′) ds. (3.10)

where:

c′ =
dc

ds
, c′′ =

d2c

ds2
, e L (c, c′, c′′) = ω1 ‖c′ (s)‖2

+ω2 ‖c′′ (s)‖2
+γP (c) , (3.11)

So, the corresponding Euler-Lagrange equations are given by [92]:

∂L

∂x
− ∂

∂s

(
∂L

∂x′

)
+

∂2

∂s2

(
∂2L

∂x′′

)
= 0, (3.12)

∂L

∂y
− ∂

∂s

(
∂L

∂y′

)
+

∂2

∂s2

(
∂2L

∂y′′

)
= 0, (3.13)

or, in a compact shape:

∂L

∂c
− ∂

∂s

(
∂L

∂c′

)
+

∂2

∂s2

(
∂2L

∂c′′

)
= 0. (3.14)

For the Lagrangian L in expression (3.2) we obtain the following equations:

−2
d

ds

(
ω1

dc

ds

)
+ 2

d2

ds2

(
ω2

d2c

ds2

)
− γ∇P = 0. (3.15)
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The first and second terms gives the internal (elastic forces) and the term:

Fext = −∇P = 0. (3.16)

defines the external force field. From a mechanical viewpoint, this equation sum-
marize the fact that the potential energy defined by the functional (3.2) has an
extremum if the internal and the external force has a null sum.

The process of minimizing the functional given in (3.2) can be viewed from a
pseudo-dynamic viewpoint by considering the deformable contour a time-varying
curve:

c (s, t) = (x (s, t) , y (s, t)) , (3.17)

and generalizing expression (3.15) by incorporating a pseudo time t:

∂c

∂t
− w1

∂2c

∂s2
+ w2

∂4c

∂s4
− γ∇P = 0, (3.18)

where we are supposing w1 and w2 constants. In section 7.3 we return to this for-
mulation and derive it through a variational approach for continuous mechanics.

The rigidity in expression (3.18) makes the snake too rigid and may be not
efficient to get finer details. Therefore, as usual for dual snake models, we set
w2 = 0 in expression (3.18). The obtained model has the following evolution
equation:

∂c

∂t
− w1

∂2c

∂s2
−∇P = 0. (3.19)

3.2.1 Discrete Models

In order to solve the equation 3.18, or its simplified version (3.19), for an initial
contour we have to discretize the snake in space and time by using local (Finite
Differences) or global representation (Finite Elements) methods each of them with
trade-offs between performance and numerical efficiency [15, 3]. The discretiza-
tion of expressions (3.2) and (3.19) through finite difference equations generates a
variety of discrete snake models (finite element methods are considered in [3]). In
these models, a (closed) snake is formulated as a list of points v0, v2, ..., vN−1, also
called snaxels, that defines a closed polygonal which represents the deformable
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curve. The first order approximations for the derivatives ∂c/∂t, ∂c/∂s, ∂2c/∂s2

are, respectively, given by:

∂c (si, tj)

∂t
≈ vt+∆t

i − vt
i

∆t
, (3.20)

∂c (si, t)

∂s
≈ vt

i+1 − vt
i

∆si

, (3.21)

∂2c (si, t)

∂s2
≈ vt

i−1 − 2vt
i + vt

i+1

(∆si)
2 , (3.22)

where ∆t and ∆si are discrete steps in time and space, respectively.
The external energy, defined by equation (3.5) may be discretized by evalu-

ating the potential (equation (3.8)) for the snaxels in the list v0, v2, ..., vN−1 and
replace the integral by the summation:

Eext = −
N−1∑
i=0

‖∇I (vi)‖2 hi, (3.23)

where hi is the integration step. Thus, using expressions (3.20)-(3.23) we obtain
the following discrete version for the snake energy in expression (3.2):

E = w1

N−1∑
i=0

∥∥∥∥
vt

i+1 − vt
i

∆si

∥∥∥∥
2

hi+w2

N−1∑
i=0

∥∥∥∥
vt

i−1 − 2vt
i + vt

i+1

(∆si)
2

∥∥∥∥
2

hi−γ

N−1∑
i=0

‖∇I (vi)‖2 hi,

(3.24)
The discretization of the evolution equation (3.19) is similarly obtained:

(
vt+∆t

i − vt
i

∆t

)
− w1

(
vt

i−1 − 2vt
i + vt

i+1

(∆si)
2

)
− γ∇P (vi) = 0, (3.25)

where the term:

Bi = w1

(
vt

i−1 − 2vt
i + vt

i+1

(∆si)
2

)
, (3.26)

define the so called tensile force, respectively. The snake comes to rest when the
tensile and external forces balance, which implies that:
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∥∥vt+∆t
i − vt

i

∥∥ ≈ 0. (3.27)

The force Bi, as well as the equation (3.22), can be geometrically interpreted
through the Figure 3.1 which pictures three consecutive snake points vi−1, vi, vi+1

of the (discrete) snake. The vector V1 with origin in the snaxel vi and end in
the midpoint of the segment vi−1vi+1 is parallel to Bi. So, the force Bi pushes
the snaxel vi towards the configuration of minimum curvature. Therefore, the
resulting curve may be smoother than the original one.

Figure 3.1: Geometric representation of the force Bi in expression (3.26) with

vector V1 parallel to Bi.

As already discussed before, the whole effect of the force defined by equation
(3.26) is a tendency to contraction of the original curve. The Figure 3.1 helps to
realize this fact in the discrete case. This may be a problem because if the image
force field is not strong enough then the curve collapses to a point. This problem
can be addressed by the balloon model [44] or through affine invariant models
(see [19, 21] for details). Like in the continuous case, the external force given by
expression (3.16) attracts the snake to strong edges in the image.

3.3 Taxonomy for Deformable Models

After the work of Kass at al. [1] a variety of models were proposed which taxon-
omy can be described as a tree, as observed in Figure 3.2. The first level of the tree
shows the classification of 2D snake models, based on the curve representation,
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that branches into two core classes: parametric and implicit. Then, each class
roots its own subtree. The parametric models are classified according to the geo-
metric model used which can be a discrete or continuous one. Finally, the deepest
nodes show a classification according to the model evolution. Discrete models
can be evolved through nonlinear optimization techniques, like steepest descent,
or search based techniques (dynamic programming or greedy), or even through
local deformations based on an evolution equation derived through local infor-
mation over the deformable curve. Continuous snake models, like the original
one described on section 3.2, can be evolved based on Euler-Lagrange equations
or front propagation methods. Turning back to the top of Figure 3.2, we see the
implicit models, formulated through level set theory [8, 32].

In Chapters 5-8, we review some examples of the classes just described. We
focus on topological models (T-Snakes and Level Set), invariant and dual snakes,
dynamic programming, greedy techniques, multiscale and learning methods for
initialization. In order to provide the mathematical background, we discuss some
topics in diffusion and invariant theory as well as statistical learning technique in
Chapter 4.
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Figure 3.2: Taxonomy of deformable models for medical image segmentation
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Chapter 4

Mathematica Elements

4.1 Introduction

In this chapter our aim is to offer some mathematical elements which are part of
the current research in the field of snake models. Scale-space methods, invariance
theory and learning models for snake initialization are the focus of this Chapter.

For noisy images the convergence of deformable models to the boundaries
is poor due to the non-convexity of the image energy. This problem can be ad-
dressed through diffusion techniques [93, 15]. In image processing, the utilization
of diffusion schemes is a common practice. Gaussian blurring is the most known
one. Another approaches are the anisotropic diffusion [93] and the Gradient Vec-
tor Flow (GVF) [94]. From the viewpoint of deformable models, these methods
can be used to improve the convergence to the desired boundary.

These methods address the nonconvexity problem but not the bad effects of
the internal normal force. This force is a contraction force which makes the curve
collapse into a point if the external field is not strong enough. In Cohen [44] and
Gang Xu at al. [45] this problem is addressed by the addition of another internal
force term to reduce the bad effects of the contraction force. Another way to
remove the undesired contraction force of the original snake model is to use the
concept of invariance which is well known in the field of computer vision [95,
21]. This concept has been applied to closed contours, and consists in designing
an internal smoothing energy, biased to ward some prior shape, which has the
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property of being invariant to scale, rotation and translation. In these models, the
snake has no preference to expand or contract, but it tends to acquire a natural
shape [17, 102].

The sensitivity to the initial contour position can also be addressed by a
method which initializes automatically the snake closer to the boundaries [96].
An efficient methodology in this field would be worthwhile not only to save time
calculation but also to facilitate the specification of parameters, a known problem
for snake models [118]. Neural Networks and Support Vector Machines have been
applied for initialization of deformable models [97, 81, 98].

Therefore, in the next section we cover topics in diffusion methods and GVF
(section 4.2). In section section 4.3 we discuss invariance from the viewpoint of
Lie groups and in section 4.4 we present statistical learning methods for snake
initialization.

4.2 Diffusion Methods

Anisotropic diffusion is defined by the following general equation:

∂I (x, y, t)

∂t
= div (c (x, y, t)∇I) , (4.1)

where I is a gray level image [93].
In this method, the blurring on parts with high gradient can be made much

smaller than in the rest of the image. To show this property, we follow Perona and
Malik [93]. Firstly, we suppose that the edge points are oriented in the x direction.
Thus, equation (4.1) becomes:

∂I (x, y, t)

∂t
=

∂

∂x
(c (x, y, t) Ix (x, y, t)) . (4.2)

If c is a function of the image gradient: c (x, y, t) = g (Ix (x, y, t)), we can
define φ (Ix) ≡ g (Ix) · Ix and then rewrite equation (4.1) as:

It =
∂I

∂t
=

∂

∂x
(φ (Ix)) = φ′ (Ix) · Ixx. (4.3)

We are interested in the time variation of the slope: ∂Ix

∂t
. Supposing that we

can change the order of differentiation, a simple algebra is enough to demonstrate
that:

16



∂Ix

∂t
=

∂It

∂x
= φ′′ · I2

xx + φ′ · Ixxx.

At edge points we have Ixx = 0 and Ixxx << 0 as these points are local
maxima of the image gradient intensity. Thus, there is a neighborhood of the edge
point in which the derivative ∂Ix/∂t has sign opposite to φ′ (Ix). If φ′ (Ix) > 0 the
slope of the edge point decrease in time. Otherwise it increases, that means, border
becomes sharper. So, the diffusion scheme given by equation (4.1) allows to blur
small discontinuities and to enhance the stronger ones if the function c (x, y, t) is
properly chosen. For instance, in [93] authors suggest the following definition:

c =

(
1(

1 + [‖∇I‖ /K]2
)
)

. (4.4)

If c (x, y, t) is constant we get the traditional linear diffusion equation which
fundamental solution corresponds to the Gaussian blurring. Levine at al. [15]
applied hierarchical filtering methods, as well as a continuation method based on
a (discrete) linear scale-space representation. At first, a scale-space scheme is
used at a coarse scale to get closer to the global energy minimum represented by
the desired contour. In further steps, the optimal valley or contour is sought at
increasingly finer scales (see section 7.2 also).

In the above scheme, I is a scalar field. For vector fields, a useful diffusion
scheme is the Gradient Vector Flow (GVF). It was introduced in [94] and can be
defined through the following reaction-diffusion equation [99]:

∂u

∂t
= ∇ · (g∇u) + h (u−∇f) , (4.5)

u (x, 0) = ∇f

where f is a function of the image gradient (for example, P in equation (3.8)),
and g (x) , h (x) are nonnegative functions defined on the image domain.

The field obtained by solving the above equation is a smooth version of the
original one which tends to be extended very far away from the object boundaries.
When used as an external force for deformable models, it makes the methods
less sensitive to initialization [94] and improves their convergence to the object
boundaries. That is the basic idea behind GVF snakes, that means, this method
replaces the external force, given by expression (3.16), by the force field of the
GVF equation solution.
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4.3 Lie Groups and Invariance

For the invariance theory to be useful we need a systematic way of finding in-
variants for a specific application. This requirement is satisfied by the Lie Groups
approach.

The whole development could be summarized through the Lie Derivative. A
complete presentation of this theory can be found in [100]. However, we are going
to begin in a more practical description. We follow the steps found in [95].

Definition: A r-parametric Lie Group is a group G which is also a smooth
differential manifold of dimension r such that the group operations [100]:

m : G×G −→ G; m (g, h) = g · h, g, h ∈ G,

and inversion:
i : G → G; i (g) = g−1, g ∈ G,

are smooth maps between differential manifolds.
Let us suppose that the quantities of interest are arranged in a column array

−→m = (m1,m2, ..., mnm)T . We will assume that there is a Lie group G, np −
parametric, whose action transforms−→m. Thus, G can be represented by a matrix
g = (gij)nm×nm

, such that gij = gij

(
p1, p2, ..., pnp

)
are smooth functions of the

parameters pi ∈ <, i = 1, ..., np. So, the group action can be represented by:

−→m ′ = g · −→m, (4.6)

where −→m ′ indicates the transformed vector (not a derivative).
In this context, an invariant f is a function f (−→m) which does not change under

the action of G, that is:

f (−→m ′) = f (g · −→m) = f (−→m) , ∀ g ∈ G. (4.7)

Let us suppose a smooth path in the parameter space p (t) =(
p1 (t) , p2 (t) , ..., pnp (t)

)
. Thus, we have also:

g (t) = g
(
p1 (t) , p2 (t) , ..., pnp (t)

)
. (4.8)

By inserting expression (4.8) in equation (4.7) it is straightforward to show
that:
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d

dt
f (−→m ′ (t)) = 0, (4.9)

otherwise f would not be an invariant. From the Chain Rule:

nm∑
i=1

np∑
j=1

∂f

∂m′
i

∂m′
i

∂pj

dpj

dt
= 0. (4.10)

Two observations are fundamental at this point. Firstly, the differential equa-
tion (4.10) should be satisfied for any g (t) = g

(
p1 (t) , p2 (t) , ..., pnp (t)

)
. Thus

for all dpj

dt
, it is necessary that:

nm∑
i=1

∂f

∂m′
i

∂m′
i

∂pj

= 0, for all j = 1, 2, ..., np. (4.11)

The second observation is a Lie Group result. Simply stated, it is enough to
solve the equation (4.11) for t = 0 [100]. Thus we finally have the following
differential equations for f :

nm∑
i=1

∂m′
i

∂pj

|p=0

(
∂f

∂mi

)
= 0, j = 1, 2, ..., np. (4.12)

The solutions of this system are the desired invariants. The differential opera-
tors:

nm∑
i=1

∂m′
i

∂pj

|p=0

(
∂

∂mi

)
, (4.13)

are called infinitesimal generators of the underlying group action [95, 100].
The expression (4.12) is an explicit representation of the Lie Derivative of a

function f with respect to the infinitesimal generators given by expression (4.13).
Precisely stated, equation (4.13) is a representation of the following fundamental
theorem for invariance:

Theorem 1: Let G be a Lie Group of transformations. A real-valued function
f is invariant under the group transformations (or action) if and only if the Lie
derivative of f with respect to any infinitesimal generator, v, of the group G,
vanishes, that is, Lv (F ) = 0, where Lv (.) denotes the Lie derivative with respect
to a vector field v.
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4.4 Statistical Learning Models

In this section we discuss some aspects os statistical learning theory related to
the Support Vector Machine (SVM) and Perceptron, the basic unit for neural net-
works. The goal is to set a framework for the application of SVM and neural nets
for the initialization of deformable models. The material to be presented follows
the references [101, 113, 116].

4.4.1 Perceptron Model

The Perceptron is the first logical neuron. Its development starts with the work
of W. S. McCulloch and W.A. Pitts in 1943 [116]. It describes the fundamentals
functions and structures of a neural cell reporting that a neuron will fire an impulse
only if a threshold value is exceeded.

Figure 4.1: McCulloch-Pitts neuron model.

Figure 4.1 shows the basic elements of McCulloch-Pitts model: x is the input
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vector, w are weights associated, y is output, R is number of elements in input and
f is the activation function, named decision function in statistical learning theory,
that determines the value in output. A simple choice for f is the signal function
sgn(.). In this case, if the sum, across all the inputs with its respective weights
exceeds the threshold b the output is 1 else the value of y is −1, that is:

y = sgn(
R∑

i=1

wixi − b). (4.14)

But the McCulloch-Pitts neuron did not have a mechanisms for learning.
Based on biological evidences, D.O. Hebb suggested a rule to adapt the weights
input, which is interpreted as learning rule for the system [116]. This biological
inspired procedure can be expressed in the following manner:

wnew
i = wold

i + ∆wi; ∆wi = η(ydesired − y)xi, (4.15)

where wnew and wold are adapted weights and initials weights respectively, η is
a real parameter to control the rate of learning and ydesired is the desired (know)
output. This learning rule plus the elements of Figure 4.1 is called the perceptron
model for a neuron. It was proposed by F. Rosenblatt, at the end of of 1950s.

Then, the learning typically occurs through training, or exposure to a know
set of input/output data. The training algorithm iteratively adjusts the connec-
tion weights {wi} analogous to synapses in biological nervous. These connection
weights store the knowledge necessary to solve specific problems.

Geometrically, the connection weights {wi} and the the threshold b define a
plane in a high dimensional space that separates the samples of distinct groups.
Such separating hyperplane can be further used for classification on a new input
vector x. Therefore, the learning process means to be able to adjust initial weights
towards the separating hyperplane. Besides, it can be demonstrated that, if we can
choose a small margin δ, such that:

R∑
i=1

wixi − b > δ, if y = 1, (4.16)

R∑
i=1

wixi − b < −δ, if y = −1, (4.17)
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then, the number of times, T , that the rule defined by expression (4.15) is applied
(number of iteractions) is bounded by:

T ≤ 1

δ2
. (4.18)

More precise bounds can be found in [101]. Perceptrons can be organized in
a network, like in Figure 4.2. The generated neural net can be used as a classifier
in general classification problems (multi-class and non-linear classifier).

Figure 4.2: Neural Network with three layers.

4.4.2 Support Vector Machines

In section 4.4.1 it became clear the importance of separating hyperplanes methods
for learning algorithms. In this section we will present a special type of separating
hyperplanes with optimality properties. So, given a training set:
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S = {(y1, x1) , ..., (ym, xm)} , x ∈ <n, y ∈ {−1, 1} , (4.19)

we say that the subset I for which y = 1 and the subset II for which y = −1 are
separable by the hyperplane:

x ∗ φ = c, (4.20)

if there exists both a unit vector φ (|φ| = 1) and a constant c such that the inequal-
ities:

xi ∗ φ > c, xi ∈ I, (4.21)

xj ∗ φ < c, xj ∈ II, (4.22)

hold true (”∗” denotes the usual inner product in <m). Besides, let us define for
any unit vector φ the two values:

c1 (φ) = min
xi∈I

(xi ∗ φ) , (4.23)

c2 (φ) = max
xj∈II

(xj ∗ φ) . (4.24)

The Figure 4.3 represents the dataset and the hyperplanes defined by φ and the
values c1, c2 defined in expressions (4.23)-(4.24):

In this figure the points P1 and P2 gives the solutions of problems (4.23)-
(4.24), respectively, and the planes π1 and π2 are defined by:

x ∗ φ = c1, (4.25)

x ∗ φ = c2. (4.26)

Now, let us consider the plane π, parallel to π1,π2, with the property:

dπ (P1) = dπ (P2) , (4.27)

where dπ (P ) means the Euclidean distance from a point P to a plane π. This plane
is the hyperplane that separates the subsets with maximal marging. Expression
(4.27) can be written as:
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Figure 4.3: Separating hyperplane π and its offsets π1, π2.

∣∣∣∣
P1 ∗ φ− c

|φ|

∣∣∣∣ =

∣∣∣∣
P2 ∗ φ− c

|φ|

∣∣∣∣ . (4.28)

If we suppose P1∗φ−c ≥ 0 then we have P2∗φ−c ≤ 0. So, by remembering
that |φ| = 1, the expression (4.28) becomes:

(P1 ∗ φ− c) + (P2 ∗ φ− c) = 0,

then, by using expressions (4.25)-(4.26) we finally obtain:

c =
c1 (φ) + c2 (φ)

2
. (4.29)

Besides, let us call the dπ1 (π2) the distance between the planes π1 and π2,
which can be computed through the distance between the point P1 and the plane
π2, given by:

dπ1 (π2) ≡ dπ2 (P1) =
(P1 ∗ φ− c2)

|φ| , (4.30)

By using expression (4.25), this equation becomes:
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dπ1 (π2) = c1 − c2. (4.31)

We call the maximum marging hyperplane or the optimal hyperplane the one,
define by the unit vector φ0 that maximizes the function:

ρ (φ) =
c1 (φ)− c2 (φ)

2
, (4.32)

|φ| = 1. (4.33)

The corresponding separating plane π has a constant c given by equation
(4.29).

Now let us consider another version of the optimization problem above. Let
us consider a vector ψ such that ψ/ |ψ| = φ. So, equations (4.25)-(4.26) become:

xi ∗ ψ > |ψ| c1, xi ∈ I, (4.34)

xj ∗ ψ < |ψ| c2, xj ∈ II (4.35)

Let us suppose that there is a constant b0 such that |ψ| c1 ≥ 1− b0 and |ψ| c2 ≤
−1− b0. Then, we can rewrite expressions (4.34)-(4.35) as:

xi ∗ ψ + b0 ≥ 1, yi = 1, (4.36)

xj ∗ ψ + b0 ≤ −1, yj = −1. (4.37)

To understand the meaning of b0 it is just a matter of using the fact that the
equality in (4.36) holds true for P1 and the equality in (4.37) is true for P2. There-
fore, it is straightforward to show that:

b0 = − |ψ|
(

c1 (φ) + c2 (φ)

2

)
= − |ψ| c. (4.38)

So, by substituting this equation in expressions (4.36)-(4.37) one obtains:

xi ∗ φ ≥ c +
1

|ψ| , yi = 1, (4.39)
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xi ∗ φ ≤ c− 1

|ψ| , yj = −1. (4.40)

These expressions mean that we suppose that we can relax the constant c

through the value (1/ |ψ|) without loosing the separating property. But, the vector
ψ is not an unit one. Therefore the distance (4.30) can be obtained by:

dπ1 (π2) =
(1− b0)− (−b0 − 1)

|ψ| =
2

|ψ| . (4.41)

In order to maximize this distance (and also maximize the function ρ (φ) in
equation (4.32)) we must minimize the denominator in expression (4.41). So, we
get an equivalent statement to define the optimal hyperplane: Find a vector ψ0 and
a constant (threshold) b0 such that they satisfy the constraints:

xi ∗ ψ0 + b0 ≥ 1, yi = 1, (4.42)

xj ∗ ψ0 + b0 ≤ −1, yj = −1. (4.43)

and the vector ψ0 has the smallest norm:

|ψ| = ψ ∗ ψ. (4.44)

We shall simplify the notation by rewriting the constraints (4.42)-(4.43) in the
equivalent form:

yi (xi ∗ ψ0 + b0) ≥ 1, i = 1, 2, ..., m. (4.45)

In order to solve the quadratic optimization problem stated above, it is used in
[101] the Kuhn-Tucker Theorem, which generalizes the Lagrange multipliers for
convex optimization. The corresponding Lagrange function is:

L (ψ, b, α) =
1

2
ψ ∗ ψ −

m∑
i=1

αi (yi ((xi ∗ ψ0) + b0)− 1) , (4.46)

where αi are the Lagrange multipliers. Following the usual theory, the minimum
points of this functional must satisfy the conditions:

∂L

∂ψ
= ψ −

m∑
i=1

yiαixi = 0, (4.47)

26



∂L

∂b
=

m∑
i=1

yiαi = 0. (4.48)

If we substitute (4.47) into the functional (4.46) and take into account the
result (4.48) we finally render the following objective function:

W (α) =
m∑

i=1

αi − 1

2

m∑
i,j=1

yiyjαiαj (xi ∗ xj) . (4.49)

We must maximize this expression in the nonnegative quadrant αi ≥ 0, i =

1, 2, ..., m, under the constraint (4.48) . In [101] it is demonstrate that the desired
solution is given by:

ψ0 =
m∑

i=1

yiαixi, (4.50)

b0 = max
|φ|=1

ρ (φ) , (4.51)

subject to:

m∑
i=1

yiαi = 0, (4.52)

αi (yi ((xi ∗ ψ0) + b0)− 1) = 0, i = 1, 2, ..., m, (4.53)

αi ≥ 0. (4.54)

The expression (4.53) states the Kuhn-Tucker conditions. By observing these
conditions one concludes that the nonzero values of αi, i = 1, 2, ..., m, correspond
only to the vectors xi that satisfy the equality:

yi ((xi ∗ ψ0) + b0) = 1. (4.55)

These vectors are the closest to the optimal hyperplane. They are called sup-
port vectors. The separating hyperplane can be written as:

f (x, α0) =
m∑

i=1

yiα
0
i (xi ∗ x) + b0, (4.56)
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where α0
i , i = 1, 2, ..., m,satisfy the constraints (4.52)-(4.54). So, we can con-

struct a decision function that is nonlinear in the input space:

f (x, α) = sign

(
m∑

i=1

yiα
0
i (xi ∗ x) + b

)
, (4.57)

Now we describe two generalizations for the above approach..

Generalizing the SVMs

According to Vapnik [101], a support vector machine implement the following
idea: ”It maps the input vectors x into a high-dimensional feature space Z through
some nonlinear mapping, chosen a priori. In the space Z an optimal separating
hyperplane is constructed.”

The key idea behind this proposal comes from the inner product ”∗” in equa-
tion (4.56). Firstly, if we map a vector x ∈ <n into a Hilbert space Z with
coordinates (z1, z2, ...) we get another representation for the feature space given
by:

z1 (x) , z2 (x) , ..., zn (x) , ..., (4.58)

Then, taking the usual inner product in the Hilbert space we get an equivalent
representation for the inner product in the <n:

z1 ∗ z2 =
∞∑
i=1

aiz
1
i

(
x1

)
z2

i

(
x2

) ⇐⇒ K
(
x1, x2

)
, ai ≥ 0 (4.59)

where K (x1, x2) is a symmetric function satisfying the condition:
∫

C

∫

C

K (u, v) g (u) g (v) dudv ≥ 0,

for all g ∈ L2 (C), C being a compact subset of <n. In this case we say that
K (u, v) is the kernel that generates the inner product for the feature space.

Therefore, we can generalize expression (4.57) by using the inner product
defined by the kernel K :

f (x, α) = sign

( ∑
supportvectors

yiα
0
i K (xi ∗ x) + b

)
, (4.60)
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or, equivalently, we can use the linear decision function in the feature space Z :

f (x, α) =

sign

[ ∑
supportvectors

yiα
0
i

( ∞∑
r=1

arzr

(
xi

)
zr (x)

)
+ b

]
,

(4.61)

These expressions define the SVM method [101, 117]. In summary, SVM
seeks to find the hyperplane defined by equation (4.61) which separates positive
and negative observations with the maximum margin.
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Chapter 5

Energy Minimization Models

5.1 Introduction

In this section we focus mainly in discrete models that use an explicit energy
minimization approach; that means, an energy functional is defined and the evo-
lution equation is derived from this functional through a kind of steepest descent
technique.

5.2 Invariant Snakes

When prior knowledge of shape is available, information concerning the shape of
the desired object can be incorporated into the snake formulation. The so called
Shaped-Based Active Contour Models are suitable to detect and to locate objects
which have been distorted due to some kind of geometry transformations. They
can be considered a special case of active shape models, which have been used for
detecting structures in medical images (see [102] and references therein).

Basically, the shape information is incorporated in a prototype and a corre-
spondence between the snake and the prototype must be established.

The Generalized Active Contour Model [103] is a known example of such an
approach. In this case, a shape matrix is incorporated to the model to create a
bias towards a particular type of contour. The corresponding internal energy is
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invariant to scale transformations but it is not affine-invariant.
This limitation is addressed by the AI-Snake [19]. This is a shape-based snake

model which incorporates an internal energy function that is defined in terms of
local and global affine-invariant features. Let us see some details of this model.

Firstly, it is observed in [19] that the gaussian curvature is not affine invari-
ant. To show this, let us take a parametric (smooth) curve c (τ) = (x (τ) , y (τ)).
Hence, the gaussian curvature k (τ) is given by:

k (τ) =

.
x (τ)

..
y (τ)− ..

x (τ)
.
y (τ)[( .

x (τ)
)2

+
(

.
y (τ)

)2
]3/2

(5.1)

If s represents the arc length of c then:

(
ds

dτ

)2

=

(
dx

dτ

)2

+

(
dy

dτ

)2

,

and the expression (5.1) can be rewritten as:

k (τ) =

∣∣∣∣∣∣

.
x (τ)

..
x (τ)

.
y (τ)

..
y (τ)

∣∣∣∣∣∣
· (dτ)3

(ds)3 =
ang (x, y)

dist (x, y)
(5.2)

where:

ang (x, y) =

∣∣∣∣∣∣

.
x (τ)

..
x (τ)

.
y (τ)

..
y (τ)

∣∣∣∣∣∣
(dτ)3 ; dist (x, y) = (ds)3 . (5.3)

Let us see the behaviors of ang and dist under affine transformations given by
the general form:




u (τ)

v (τ)

1


 =




a11 a12 b1

a21 a22 b2

0 0 1


 ·




x (τ)

y (τ)

1


 (5.4)

By inserting this expression in ang and dist we can show that they are trans-
formed as follows:
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ang (u, v) = (a11a22 − a12a21) · ang (x, y) . (5.5)

dist (u, v) =
(
(du)2 + (dv)2)3/2

=
(
(a11dx + a12dy)2 + (a21dx + a22dy)2)3/2

.

(5.6)
Expression (5.5) shows that ang is affine invariant if appropriately normalized.

However, dist cannot be made affine invariant except when the scaling parame-
ters in both directions are identical. Thus, the Gaussian curvature is not affine
invariant.

A curvature-like affine invariant feature can be derived from a discrete version
of (1/2) ang. To demonstrate this, let us consider the following finite difference
approximations for the first and second derivatives of x (τ):

.
x (τ)

.
=

x (τ)− x (τ −∆τ)

∆τ
, (5.7)

..
x (τ)

.
=

x (τ)− 2x (τ −∆τ) + x (τ − 2∆τ)

(∆τ)2 , (5.8)

(the same for y). Inserting these expressions in (1/2) ang (x, y) yields the follow-
ing result:

1

2
ang (x, y)

.
=

1

2

∣∣∣∣∣∣∣∣∣

x (τ1) x (τ2) x (τ3)

y (τ1) y (τ2) y (τ3)

1 1 1

∣∣∣∣∣∣∣∣∣
, (5.9)

where τ1 = τ−2∆τ, τ2 = τ−∆τ, τ3 = τ . This expression gives the area of a trian-
gle formed by the three vertices: (x (τ1) , y (τ1)) , (x (τ2) , y (τ2)) , (x (τ3) , y (τ3)).
We denote this quantity by areaτ1τ2τ3 (collinear cases are particularly considered
in [19]). We can demonstrate that it is invariant under affine transformations. Let
us denote areatransf

τ1τ2τ3
the affine transformation of this quantity:

areatransf
τ1τ2τ3

=
1

2

∣∣∣∣∣∣∣∣∣

u (τ1) u (τ2) u (τ3)

v (τ1) v (τ2) v (τ3)

1 1 1

∣∣∣∣∣∣∣∣∣
. (5.10)
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By inserting transformations given by (5.4) in this expression, we can obtain:

areatransf
τ1τ2τ3

= (a11a22 − a12a21) areaτ1τ2τ3 . (5.11)

Thus, the area of a triangle can be made affine-invariant if appropriately nor-
malized. Starting from this fact, it was proposed in [19] the following affine in-
variant internal energy:

Esuav =
N−1∑
i=0

α
|areai|

AREAnow

AREAmodel

1
2
d2

, (5.12)

where α is a parameter, AREAnow is the area enclosed by the snake:

AREAnow =
1

2

N−1∑
i=0

∣∣∣∣∣∣∣∣∣

ui ui+1 ucent

vi vi+1 vcent

1 1 1

∣∣∣∣∣∣∣∣∣
;


 ucent

vcent


 =

1

N

N−1∑
i=0


 ui

vi


 .

with {(u0, v0) , (u1, v1) , ..., (ui−1, vi−1) , (ui, vi) , (ui+1, vi+1) , ..., (uN−1, vN−1)}
being snake points. AREAmodel is the area of the prototype, d is the mean distance
between snaxels and:

areai =
1

2

∣∣∣∣∣∣∣∣∣

ui−1 ui ui+1

vi−1 vi vi+1

1 1 1

∣∣∣∣∣∣∣∣∣
(5.13)

5.2.1 Reparameterization and Invariance

First of all, we must observe that expression for ang in (5.3) is not invariant under
reparameterization. In fact, if τ = φ (ς) then the derivatives of x of order zero,
one and two are transformed according to the matrix (and analogously for y):




x (ς)
·
x (ς)
··
x (ς)


 =




1 0 0

0 a 0

0 b a2







x (τ)
·
x (τ)
··
x (τ)


 (5.14)
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where a = dφ
dς

and b = d2φ
dς2

. If φ is monotone function then this matrix repre-
sents a Lie Group of dimension (2 + 1) called reparameterization group (in a gen-
eral development, the dimension would be (m + 1) where m is the highest-order
derivative considered). Under the group action, the quantity ang is transformed
to angtransf given by:

angtransf = a3ang, (5.15)

Thus, it is not an invariant (it is called a relative invariant because the factor
a3 depends upon the group parameters only).

Reparameterization for snakes has been deeply discussed in the literature
[15, 95]. In general, snake models are not invariant under the reparameterization
group. Thus, the internal forces derived from Euler-Lagrange equations change
the form due to the group action (more formally, they are not covariant), which is
an unwanted effect.

For affine-invariant snakes, a complete description of the reparameterization
problem comes from the Lie Theory. In this case, we have to account for two (Lie)
groups: the reparameterization and affine transformations. Is there a common
invariant for both groups?

To the best of our knowledge, the answer is negative. The intersection set is not
null only for the subset of the unimodular transformations (a11a22 − a12a21 = 1).
See [95] for more details.

Despite of this, a couple of interesting facts appear when discussing invariant
snakes in the context of integral invariants, a special application of the Lie Groups
theory summarized on section 4.3.

Integral invariants are globally defined while differential invariants ( depend
only on derivatives of the coordinate functions) are local features. Integral in-
variants are suitable for matching curves. However, they are limited if occlusions
appear. This limitation has motivated the utilization of semi-local integral invari-
ants [104].

Thus, let us consider the integral:

I =

∫ w2

w1

Fdτ , (5.16)

where F is a function along the curve c (τ). A sufficient condition for I to be
invariant under a transformation group can be stated as follows:
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Proposition 1: The integral of a function F , with respect to a parameter τ , is
invariant under a transformation group if the Lie derivative of I and τ , with respect
to any infinitesimal generator v of the group, vanishes: Lv (F ) = 0, Lv (τ) = 0

(see Appendix A).
That means that both F and τ are invariant under the specified transformation

group.
From equation (5.5), section 2.1, it follows that the expression:

|cτ cττ | =
∣∣∣∣∣∣

.
x (τ)

..
x (τ)

.
y (τ)

..
y (τ)

∣∣∣∣∣∣
. (5.17)

is a relative invariant under general affine transformations. Another relative invari-
ant under the action of this group is the affine arc-length µ of a curve c, defined as
follows:

|cµ cµµ| = 1 ⇒ dµ = |cτ cττ |1/3 dτ, (5.18)

where, cµ, cµµ denote the first and second derivatives of c with respect to µ and
|cµ cµµ| is a determinant, similar to expression (5.17) (the right expression in
(5.18) is obtained by applying the chain rule to the left one [104]).

Thus, if µ̃ is the transformed quantity then, from (5.18) we find that:
∫

dµ̃ = |A|1/3

∫
dµ, (5.19)

where |A| is the determinant of the affine transformation defined in expression
(5.4). So, from Property 1, it is a relative integral invariant under affine trans-
formations and can be made affine invariant through a convenient normalization
factor.

Besides, we shall observe that it follows from equation (5.18) that:

dµ3 = |cτ cττ | dτ 3 = ang (x, y) , (5.20)

according to expressions (5.2)-(5.3).
Moreover, another interesting fact appears if we rewrite the areai (expression

(5.13)) in the form:

areai =
1

2
|c (µi + ∆µ)− c (µi) c (µi −∆µ)− c (µi)| , (5.21)
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where we are supposing a reparameterization of the curve: τ = τ (µ).
We shall observe that this expression can be obtained by the following integral:

areai =
1

2

∫ µi+∆µ

µi−∆µ

|cµ (µ) c (µi + ∆µ)− c (µi)| dµ , (5.22)

which is also an integral similar to expression (5.16) as well as an affine semi-local
integral invariant, as shown in [104]. It was used in this reference for matching
curves. Thus we can postulate its utilization to match the actual snake with the
prototype, instead of the local features used in the AI-Snake model [19]. Besides,
explorations over expressions (5.19)-(5.22) should be done to find out the potential
of integral invariants for snake models. These are further directions for this work.

5.3 Dynamic Programming and Greedy Snakes

Dynamic programming (DP) has been used in snake models to address the sen-
sitivity to local minima [56]. DP ensures global optimality of the solution and
do not require estimates of higher order derivatives which improves the numerical
stability. In particular, the Viterbi algorithm has been applied for dual approaches
[33, 42, 38]. In this algorithm the search space is constructed by discretizing each
curve in N points and establishing a matching between them. Each pair of points
is then connected by a segment which is subdivided in M points. This process
provides a discrete search space, with NM points, that is pictured in the Figure
5.1:

The target boundary is then determined by minimizing the following energy
functional [33]:

Esnake =
N−1∑
i=0

Ei; (5.23)

Ei = αEint (vi−1, vi, vi+1) + βEext (vi) + λEline (vi) , (5.24)

with Eint, Eext and Eline defined as follows:

Eint (vi−1, vi, vi+1) =

(
vi+1 − 2vi + vi−1

‖vi+1 − vi−1‖
)2

=

(
2V1

‖vi+1 − vi−1‖
)2

, (5.25)

Eext (vi) = −‖∇I (vi)‖2 ; Eline (vi) = ±I (vi) , (5.26)
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Figure 5.1: Search space obtained through a matching between inner and outer

snakes.

where V1 is defined on Figure 3.1.
The real parameters α, β and λ must be chosen in advance in order to weigh

the influence of each term in expression (5.24). The model energy, given by ex-
pression (5.24), can be derived from expression (3.24) by setting w1 = 0 and
adding Eline to the external energy. Therefore, the solution may be attracted to
points with high gradient, due to Eext, as well as to be attracted to light (signal
−) or dark lines (signal +) due to the term Eline. The energy Eint is a smooth-
ing term, based on equation (3.22), but now taking ∆si =

√
‖vi+1 − vi−1‖ and

hi = 1 in expression (3.24). The advantage of these choices is that the functional
Eint becomes invariant to scale transformations (remains unchanged if we replace
vi by q.vi) which avoids the unwanted contraction effect observed in the original
snake model (section 3.2).

When minimizing expression (5.23) we want the solution to be smooth and at-
tracted to the desired feature (light/dark lines or strong edges). The corresponding
recurrence relation is the classical one [16]:

Si (vi+1, vi) = min

vi−1

{Si−1 (vi, vi−1) + Ei−1} . (5.27)

where Si (vi+1, vi) is the energy of the optimum path connecting vi to v0.
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This idea can be adapted for evolutionary approaches through the following
steps: (1) Define a neighborhood around each snaxel and find the minimal energy
contour for the set of pixels considered around each point. (2) If the contour
energy has not changed from previous iteration, exit. (3) Move points to newly
computed locations. (4) Go to 1 (see [16] for details).

If the two snakes in Figure 5.1 are close to each other, there is another search
based method that can be efficient and less expensive then the Viterbi one. Firstly,
we compute a curve located in-between the two fronts by taking the midpoint of
each segment of the search space in Figure 5.1. The obtained curve can be used
to initialize a snake model based on a greedy algorithm that works as follows. For
each snaxel vi we take a 3 × 3 neighborhood V , and for each pixel p ∈ V we
compute:

E (p) = αEint (vi−1, p, vi+1) + βEext (p) + λEline (p) . (5.28)

Then, we solve the problem:

po = arg min {E (p) ; p ∈ V } . (5.29)

If E (po) < E (vi) then vi ← p. The algorithm can be summarized as:

Algorithm 1 Greedy Snake Procedure
for all snaxel vi do

take a 3× 3 neighborhood V

po = arg min {E (p) ; p ∈ V } ;

if E (po) < E (vi) then

vi ← po.

The snake position is updated following this procedure for all snaxels. A ter-
mination condition is achieved when snaxels do not move anymore (equilibrium
position). Greed algorithms have been used in the context of snake models in
order to improve computational efficiency [57, 58].
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5.4 Original Dual Model

The dual snake methodology was firstly proposed in [17]. To obtain the conven-
tional continuity and smoothness constraints, but removes the unwanted contrac-
tion force, a scale invariant internal energy function (shape model) is developed.
In [17] a snake is considered as a particle system vi = (xi, yi) , i = 0, ..., N − 1

whose particles are linked by internal constraints. The shape model is accom-
plished by the following internal energy:

ER =
1

N

N−1∑
i=1

Eint (vi) ; Eint (vi) =
1

2

(‖ei‖
h

)2

, (5.30)

where:

ei =
1

2
(vi−1 + vi+1)− vi +

1

2
θiR (vi−1 − vi+1) , (5.31)

h is the average space step, R is a 900 rotation matrix and θi is related to the
internal angle ϕi in the vertex vi by:

θi = cot
(ϕi

2

)
. (5.32)

Figure 5.2: Geometric elements of the local shape model.

The Figure 5.2 helps to understand the geometric meaning of these elements.
In this figure, the vector ei is such that the triangle with vertices vi+1,vi +ei,vi−1 is
isosceles. It is clear that ER has a global minimum when ei = 0, i = 0, 1, ..., N −
1. From (5.31)-(5.32) it can be shown that this happens when:
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ϕi = π (N − 2) /2N, i = 0, 1, ..., N − 1, (5.33)

which are the internal angles of a regular polygon with vertices given by the points
vi [17]. The energy (5.30) can be also shown to be rotation, translation and scale
invariant [17]. Therefore there is no tendency to contraction as already pointed
out for the original snake model (section 3). With the internal energy given by
expression (5.30), the curve is biased towards a regular polygon [17]. That is the
main difference when comparing expression (5.30) with the internal energy of the
original dual model, equation (5.25).

As before, the external energy is defined by:

Eext (vi) = −‖∇I (vi)‖2 , (5.34)

The total energy of the model is given by:

E =
1

N

N−1∑
i=1

(λEint (vi) + (1− λ) Eext (vi)) , (5.35)

where λ is a smoothing parameter which lies between 0 and 1 [17]. This expres-
sion guarantees that during the optimization process, the snake will seek for strong
object boundaries, due to Eext, whose shape resembles a regular polygonum, due
to shape model given by expression (5.30). This fact makes easier to establish
the correspondence (matching) between the points of the two contours because
the form of the snake during the evolution is limited by the energy (5.30). The
methodology takes advantage of this correspondence by proposing the driving
force:

Fdriving = g (t)
ui − vt

i

‖ui − vt
i‖

, (5.36)

where vt
i is the contour being processed at time t, ui is the contour remaining at

rest and g (t) is the strength of the force. The termination condition adopted in
[17] is the following one, based on low velocity criterium stated in expression
(3.27):

max

i

∥∥vt+1
i − vt

i

∥∥ < δ, (5.37)
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where δ is a termination parameter. This expression is a discrete version of equa-
tion (7.16) if we take a first-order finite difference representation for the velocity
(∂c/∂t).

The dual approach consists in making the inner and outer contours evolve ac-
cording the following algorithm: The contour with the highest energy is selected.
If its motion remains below some termination condition then the driving force
(5.36) is increased until it moves at a rate greater than the chosen threshold δ .
When the energy begins to decrease, the added driving force is removed and the
contour is allowed to come into equilibrium. The procedure is then repeated until
both contours have found the same equilibrium position.

The shape model given by expression (5.30) limits the application of the
method for general shapes and topologies. Besides, the utilization of a match
between the two contours puts restrictions to extend the technique for 3D. These
limitations are addressed by the Dual-T-Snakes [22, 42] approach, developed by
some of us, which is described in section 6.3.

Other possibilities for the dual energy can be used. Following the reference
[60] and the presentation of section 3 let us write the Dual energy in the form:

E (c) = w1Eten (c (s)) + w2Erig (c (s)) + γEext (c (s)) + w3E3, (5.38)

where Eten, Erig and Eext are defined by expressions (3.3)-(3.5). The term E3

is the model energy that is used to incorporate geometric constraints during the
minimization process and can be given in the general form:

E3 =

∫

Ω

(c (s)−model (s))2 ds, (5.39)

The parameter w3 controls the weight of this term in expression (5.38) and
model (s) is the parametric shape information about the target. The key idea
in this formulation is that the snake evolves seeking for edge points, due to the
external energy Eext, but the solution is biased towards the target model defined
by model (s).
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5.5 Dual-Snake Model of High Penetrability

This model was proposed in [35] and is inspired in the model presented in [62]
in which only the edge points are under consideration for the snaxel movements.
The proposed dual snake model is based on three new schemes. The first one is
to reinforce the conventional image force field by weighting each edge strength
with the size of its connected component, that is, a cluster of edge points in which
every two edge points can be connected through a path of edge points in the same
cluster. The second scheme is a new external force, called discrete gradient flow
(DGF). The third scheme is based on the idea of taking into account how close the
snaxels are to the edge points to determine the energy state of a snake.

So, let Γ1 and Γ2 denote the inner and outer snakes, respectively (we drop the
superscript ”t” to simplify notation). In this model, both snakes have the same
number of snaxels. Like in the model of section (5.7), the ith inner snaxel is
denoted by v1,i while the ith outer snaxel is denoted by v2,i. The energy of the
inner and outer snakes are:

Esnake (Γl) =

∑
i

[αlElen (vl,i) + βlEcurvature (vl,i)] +

∑
i

[γlSl (vl,i) EDGF (vl,i) + δlEDS−Potential (vl,i)] , l = 1, 2, (5.40)

where αl, βl, γl, δl parameters to be set in advance. The internal energy Elen is
defined like in expression (5.59) while the Ecurvature (vl,i) is a finer scale version
of expression (5.60), defined by:

Ecurvature (vl,i) = cos−1

(
ul,i · ul,i+1

|ul,i| . |ul,i+1|
)

, (5.41)

where ul,i = vl,i − vl,i−1. The other terms in expression (5.40) are external ener-
gies to be defined next. The EDGF term incorporates a definition of a new external
field, called the discrete gradient flow (DGF), which aims to improve the conver-
gence of the method.
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The DGF may be derived from any conventional edge strength map (Sobel,
Canny, etc.). For instance, for ultrasound images, a good choice is the modified
trimmed mean (MTM) filter due to its simplicity and reasonably good denoising
capability [63]. Besides, the edge strength map produced by conventional ap-
proaches can be augmented through morphological operations and a weighting
scheme based on the concept of connected components (see [35] for details).

To construct the DGF map, the peaks of the obtained edge strength map are
first determined, which define the candidate edge points. Then, the method takes
the mean of the edge strengths within the region of interest and excludes the can-
didates with the edge strengths smaller than that mean.

Each pair of v1,i and v2,i has been designed to move toward each other along
the straight line, called the moving path Li, connecting both snaxels until they
meet together (see Figure 5.3). In this model, only the edge points are under
consideration for the snaxels to stop at.

Figure 5.3: Moving paths connecting the pairs of snaxels v1 (si) and v2 (si) in the

initial inner and outer snakes.

Let pi
j denote the jth point in Li and suppose that Li has mi points. Suppose

also that Li passes through the set of edge points Ωi =
{

pi
k1

, pi
k2

, · · ·, pi
kni

}
, where

1 ≤ k1 ≤ k2 ≤ · · · ≤ kni
≤ mi, and e

(
pi

j

)
represents the edge strength

of the point pi
j . Then, for each pi

j ∈ Ωi ∪
{
pi

1, p
i
mi

}
recursively eliminate pi

j if
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e
(
pi

j

)
< e

(
pi

jl

)
and e

(
pi

j

)
< e

(
pi

jr

)
, where pi

jl, p
i
jr ∈ Ωi ∪

{
pi

1, p
i
mi

}
and pi

jl and
pi

jr are the nearest neighbors to the left and to the right of pi
j . If Λi is the set of

remaining points, then the DGF for all points in Li is defined as:

DGFi

(
pi

j

)
=

d
(
pi

jl, p
i
j

)

d
(
pi

jl, p
i
jr

)e
(
pi

jr

)
+

d
(
pi

j, p
i
jr

)

d
(
pi

jl, p
i
jr

)e
(
pi

jl

)
, (5.42)

where pi
jl, p

i
jr ∈ Λi are defined as before and d (·, ·) means the Euclidean distance

in Li. Then, the term EDGF (vl,i) in expression (5.40) at the point pi
j in Li is

defined as DGFi

(
pi

j

)
.

The snake deformation in the dual-snake model proposed in [35] has been
decomposed into three stages. In the first stage, the two snakes move toward
each other independently until each snake reaches a local minimum based on the
internal energies, Econt, Ecurvature and EDGF . Therefore, for all snaxels in this
stage, the stability index S1 is set to 1, δ is set to 0 and γ, α and β should be
properly defined.

After both snakes come across the local minima, in the second stage, the snax-
els most like to lie far from the boundary should be detected. In [35] the authors
named stability, the measure that indicates, for each pair of inner and the outer
snaxels, v1,i and v2,i, each one will be encouraged to move forward to the other
one by adding another energy term, (i.e., the DS-potential energy) denoted as
EDS−potential. The method is implemented through a stability index based on the
concept that the closer a snaxel is to an edge, the more stable it would be. There-
fore, for the kth snaxel vl,k, in the snake Γl, l = 1 or l = 2, the method firstly
computes:

D−1 (vl,k) = 1 if de (vl,k) ≤ 2, (5.43)

D−1 (vl,k) =
1

de (vl,k)− 1
if de (vl,k) > 2,

where de (vl (k)) is the distance from vl (k) to the nearest candidate edge point.
Then, the stability index of the snake element vl (k) is defined as:

SI (vl,k) =
1

(2ns + 1)

ns∑
j=−ns

D−1 (vl,k) , (5.44)
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where nsdefines the radius of the neighborhood. Based on the stability index, for
each snaxel vl (si), l = 1 or l = 2, the stability of vl (si), denoted as S (vl (si)), is
defined as:

S (vl,i) = SlSl (vl,i)
(
βEcurvature (vl,i)− γwDGF (vl,i) EDGF (vl,i) EDGF−1 (vl,i)

)
,

(5.45)
where γ is another parameter and:

wDGF (vl,i) = 1− 1

1 +
√

d (v1,i, v2,i)
, (5.46)

EDGF−1 (vl,i) =
1

NL

NL∑
i=1

EDGF (vl,i) , (5.47)

with Sl been the mean of the stability indices of all snake elements in the snake Γl,
and NL is the number of moving paths. For each pair of v1,i and v2,i, one snaxel,
say v1,i, is considered to be less stable than the other, say v2,i, if S (v1,i) < S (v2,i)

and:

S (v2,i)− S (v1,i)

S (v2,i) + S (v1,i)
< ts, (5.48)

where ts is a predefined threshold. In this case, v1,i will try to move toward v2,i

while v2,i remains at its current position. However, v1,i is allowed to move only
if Esnake (Γ1), as defined in equation 5.40, decreases. The DS-potential energy is
defined as:

EDS−potential (vl,i) =
d (v1,i, v2,i)

maxj d
(
pj

1, p
j
mj

) . (5.49)

The role algorithm encompasses the following steps: (1) Define the inner and
outer contours; (2) Construct the moving paths; (3) Construct an edge map and
generate the corresponding DGF ; (4) Both snakes evolve independently until
reach the local minima (SI = 1 and δ = 0); (5) Compute the stability for each
snaxel (expression (5.45)); (6) If one snaxel is less stable than the other one and the
condition given in equation (5.48) is satisfied, move the less-stable snaxel toward
the other one.
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Figure 5.4.a shows the experimental result obtained with this method applied
to a testing image containing a tumor. The Figure 5.4.b shows the same input
image with the boundary drawn by a medical doctor. A visual comparison indi-
cates a good agreement between the manual and automatic results. Qualitative
comparisons can be also found in [35].

(a) (b)

Figure 5.4: (a)Boundary of a tumor extracted with the Dual-DGF. (b) The same

image with a boundary drawn by a medical doctor.

5.6 Twin Models

The twin snakes concept is an extension to the original dual method. Twin snakes
are designed for detecting two parallel contours simultaneously and are useful
for line extraction in high resolution imagery. To achieve this goal an additional
energy term is added to the energy functional in order to attract the snakes toward
the target. They can be formulated through implicit or parametric models. In the
case of the parametric twin model presented in [70], the energy functional has the
form given by expressions (5.23)-(5.24), with:
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Esnake =
N−1∑
i=0

Ei; (5.50)

Ei = αiEel (vi−1, vi, vi+1) + βiEcv (vi−1, vi, vi+1) + Eimg (vi) + Ed (vi) , (5.51)

Eel (vi−1, vi, vi+1) = (|vi−1 − vi| − d)2 + (|vi − vi+1| − d)2 , (5.52)

Ecv (vi−1, vi, vi+1) = βi (vi−1 − 2vi + vi+1)
2 , (5.53)

where αiβi are parameters that controls the tension and regidity, respectively, of
the model. The definition for Eel is equivalent to equation (5.59) for d = 0 while
the energy Ecv is similar to expression (5.24) but without using normalization.
The term Ed is new energy defined as:

Ed (vi) = δ (di − d0)
2 , (5.54)

where δ is a weight factor, di is the actual distance to the twin partner at point i

and d0 the desired distance (constraint). The term Eimg (vi) in expression (5.51)
may be given by anyone of the expressions in (5.26). The energy Ed (vi) decreases
when the snakes get closer to the target. Therefore, the solution is biased to ex-
tract a ribbon with width d0. If we set d0 = 0 then the energy Esnake becomes
optimal when the two snakes have reached the same position, that means, they
become identical. So, twin snakes approach can be adapted for single edge ex-
traction. That is why the twin snakes model can be seen as generalization of the
dual snakes.

For efficient calculation of distance di a snake has a pointer to the nearest ver-
tex of the twin partner. This can be done by generating a Delaunay triangulation
for which the lines of the snake polygon have to be edges of the triangles and each
triangle has at most two vertices of the same snake. If the complete triangulation
is known, the nearest neighbor to a vertex can be efficiently found by searching
the neighboring nodes of the triangulation.

The energy minimization is based on the iterative dynamic programming al-
gorithm [16] summarized on section 5.3. To reject local minima the twin method
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uses the same method of the Dual-T-Snakes: compare snake positions and the
snake energy, given by expression (5.50), normalized by the number of snaxels.

Twin as well as dual approaches can be extended in order to couple several
contours and treat them as one deformable model [73]. Therefore, a set of n

classical active contours C = {c1, c1, ..., cn; ci : Ω → <2} is considered as an
entity that is called coupled snake. Furthermore it is introduced in [73] a new
internal energy Ecoup to account for the coupling between the contours within C.

It is defined as follows:

Ecoup =

∫

Ω

(
n∑

i=1

n∑
j=1

ξijdcoup (ci (s) , cj (s))

)
ds, (5.55)

where ξij is a weighting factor and the function dcoup (ci (s) , cj (s)) computes the
coupling between the snakes ci (s) and cj (s) at s. To reduce the computational
complexity, it is supposed that each classical contour in C has the same number
of control-points and that each control-point of contour i is only interlinked to
control-points of the other contours with the same index. For an unsymmetrical
example, in which the contour c1 pushes away c2 while later has no effect on the
former, we may define:

dcoup (ci (s) , cj (s)) = 0, if i = 1, j = 2, (5.56)

dcoup (ci (s) , cj (s)) =
1

maxs d (ci (s) , cj (s))
, if i = 1, j = 2,(5.57)

where d (ci (s) , cj (s)) means the Euclidean distance between ci and cj at s. In
[73] it is also proposed an extension of this model to segment multi-valued images.

5.7 Cell-Based Dual Snake Model

In [36] it is proposed a cell-based dual snake model for ultrasound image. Bound-
ary extraction and segmentation for this kind of image are a much harder problem
than for other image modalities, due to the speckle, the tissue-related textures,
and the artifacts resulting from the ultrasonic imaging process. To address such
difficulties it is proposed in [36] a model which is devised with three main stages,
namely, cell generation, cell-based deformation and contour smoothing. In the

48



cell-generation stage, the immersion watershed algorithm [43] is used to generate
the nonoverlapped cells. To alleviate the interference of speckle in cell generation,
the speckle is reduced by using the multiscale Gaussian filters before computing
the gradient map. The cell boundaries are defined as the watersheds of the dales
formed in the gradient map of the speckle-reduced ultrasound images.

Once the cell decomposition of the image domain is performed, we must de-
fine the dual snakes and the evolution model. Thus, given an initial contour enclos-
ing the region of interest (ROI), a set of minimum covering cells, C1, C2, .., CN,

containing the ROI is found, based on the cells generated in the previous stage.
Let Γ0

1 and Γ0
2 be the initial inner and outer snakes, respectively, which are pictured

on Figure 5.5. The outer snake is defined as the outermost boundary of ∪N
i=1Ci.

Suppose that the center of the ROI is the cell C1. Then, its boundary is the initial
inner snake Γ0

1, also represented on Figure 5.5.
Let Γt

1 and Γt
2 be the inner and outer snakes, respectively, at the deformation

step t. Then, the model energy E (Γt
1 ∪ Γt

2) = E (Γt
1)+E (Γt

1) is defined by [36]:

Figure 5.5: Region of interest (ROI) and initial snakes.

E
(
Γt

i

)
= αiElen

(
Γt

i

)
+ βiEθ

(
Γt

i

)
+ γiEext

(
Γt

i

)
+ δiEArea

(
Γt

i

)
, i = 1, 2,

(5.58)
where:

49



Elen

(
Γt

i

)
=

Ni−1∑
j=0

∣∣vt
i,j − vt

i,j

∣∣ , (5.59)

Eθ

(
Γt

i

)
=

Ni−1∑
j=0

cos−1

(
ut

i,j · ut
i,j+3∣∣ut

i,j

∣∣ ∣∣ut
i,j+3

∣∣

)
, (5.60)

Eext

(
Γt

i

)
=

Ni−1∑
j=0

∣∣∇I
(
vt

i,j

)∣∣ , (5.61)

EArea

(
Γt

i

)
= Area

(
St

io

)
, (5.62)

where vt
i,j means the jth snaxel of the ith snake at time t, ut

i,j = vt
i,j − vt

i,j−3, St
io

denote the set of cells enclosed by the inner and outer snakes at the deformation
step t, and αi, βi, γi, δi, i = 1, 2, are real parameters that controls the influence of
each term in the expression (5.58).

The first energy term Elen is a slight modification of expression (3.3), in dis-
crete form, which gives the perimeter of the contour Γt

j . If we take α1 < 0 and
α2 > 0, then, minimizing this energy would force the inner snake into expand-
ing outward and the outer snake into contracting. The term Eθ approximates the
curvature along the snake and aims to control the smoothness of the contour. The
Figure 3.1 helps to compare the geometry corresponding to Eθ with the one re-
lated to Eint in equation (5.25). From that figure and the definition of vector V1 in
Figure 3.1, a straightforward application of the Law of Cosines gives:

(2V1)
2 = b2 + c2 + 2bc cos ψ, (5.63)

a2 = b2 + c2 + 2bc cos ω. (5.64)

Then, a simple algebra renders:

cos ω =
a2

4bc

(
1− (2V1)

2

a2

)
=

a2

4bc
(1− Eint (vi−1, vi, vi+1)) , (5.65)

where Eint (vi−1, vi, vi+1) is defined in equation (5.25). This expression shows the
relationships between ω and Eint (vi−1, vi, vi+1). We observe that ω has a global
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minimum when V1 = 0 (ω (0) = 0) and, if we keep a unchanged and scale b, c,
we notice that ω → π if b, c → +∞ (curvature infinite). The same happens for
Eint (vi−1, vi, vi+1). Therefore both Eint and ω incorporates a measure of local
smoothness.

The third energy Eext is the external energy defined from expression (3.9).
The last energy, Earea, is the area covered by the cells in St

io. When minimizing
energy (5.58) this term will provide the attraction force to pull the inner and the
outer snakes to each other.

The energies (5.59)-(5.62) may have different ranges. Therefore, the target
function to be minimized is the normalized energy variation ∆E (Γt

i) rather than
the E (Γt

i) itself, that is:

∆E
(
Γt

1, Γ
t
2; Γ

t+1
1 , Γt+1

2

)
= (5.66)

αi∆Elen + βi∆Eθ + γi∆Eext + δi∆EArea, (5.67)

where ∆Elen, ∆Eθ, ∆Eext, ∆EArea have the general form:

∆Eρ

(
Γt

1, Γ
t
2; Γ

t+1
1 , Γt+1

2

)
= (5.68)

[
Eρ

(
Γt+1

1

)
+ Eρ

(
Γt+1

2

)]− [Eρ (Γt
1) + Eρ (Γt

2)]

[Eρ (Γt
1) + Eρ (Γt

2)]
, (5.69)

with ρ ∈ {len, θ, ext, Area} and αi, βi, γi and δi are the same of expression
(5.58).

Before to proceed, we need other definitions. Let St
1 be the set of cells inside

the ROI that intersect the curve Γt
1 (similarly for St

2). Besides, it is defined in [36]
the operators Φ and Ψ such that:

Φ
(
St

io

)
= Γt

2, and Ψ
(
St

io

)
= Γt

1. (5.70)

The deformation of the model is based on the two operators called cell-erosion
and the cell-dilation. These operators are described on Figure 5.6. The former,
denoted by CE, is defined as:

CE
(
St

io, Cp

)
= St

io − {Cp} , Cp ∈
(
St

1 ∪ St
2

) ∩ St
io. (5.71)
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The cell-dilation, denoted by CD, is defined by:

CD
(
St

io, Cp

)
= St

io ∪ {Cp} , Cp ∈
(
St

1 ∪ St
2

)− St
io. (5.72)

(a) (b)

Figure 5.6: (a)Erosion operator. (b) Dilation operation.

The cell-based dual snakes evolution is the greedy procedure that aims to min-
imize the normalized energy variation defined in expression (5.67). It is based
on the following algorithm to find the minimum of the energy variation given by
expression (5.67).

1. Initialization: define S0
io, Φ (S0

io) = Γ0
2 and Ψ (S0

io) = Γ0
1 and set t = 0.

2. While St
io 6= ∅,

Ce = arg min
Cp∈(St

1∪St
2)∩St

io

{
∆Eerode = ∆E

(
Γt

1, Γ
t
2; Φ

(
CE

(
St

io, Cp

))
, Ψ

(
CE

(
St

io, Cp

)))}
,

(5.73)

Cd = arg min
Cp∈(St

1∪St
2)−St

io

{
∆Edilate = ∆E

(
Γt

1, Γ
t
2; Φ

(
CD

(
St

io, Cp

)) ∪Ψ
(
CD

(
St

io, Cp

)))}
,

(5.74)
2.1) If ∆Eerode ≤ ∆Edilate, St+1

io = CE (St
io, Ce). Else, St+1

io =

CD (St
io, Cd) .

2.2) Γt+1
2 = Φ

(
St+1

io

)
and Γt+1

1 = Ψ
(
St+1

io

)
.

Once the boundary is extracted based on this algorithm, some kind of smooth-
ing process may be applied in order to improve it. This stage can be performed
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by an usual snake model, that is, the dual result is used to initialize a parametric
(single) snake model. Other possibility, also discussed in [36], would be spline
interpolation.

The Figure 5.7 pictures the stages of the method for breast ultrasound seg-
mentation. Figure 5.7.a pictures the original image with a benign lesion. This
input image is then filtered by a gaussian kernel and its low frequency version is
presented on Figure 5.7.b. The gradient map obtained by using the Sobel edge de-
tector is shown in Figure 5.7.c and the cells generated by the watershed algorithm
are pictured on Figure 5.7.d. The initialization of the method and the obtained
result (white contour) are shown on Figures 5.7.e and 5.7.f, respectively.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.7: (a)Original breast ultrasound image. (b)Smoothed image. (c) Sobel

edge detector result. (d) Cells generated by the watershed algorithm. (e)Initial

snakes (white contours). (f) Final result.
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Chapter 6

Snake Models Based on Local

Deformations

6.1 Introduction

In this section we focus in discrete models that evolves through an evolution equa-
tion that is not explicitly derived from an energy functional. The evolution equa-
tion is based on local information about model geometry and the image field.

6.2 T-Snakes Model

It is important to observe that the space Ad in expression (3.2) do not include con-
tours with more than one connected component. So, the classical snake model do
not incorporate topological changes of the contour c during its evolution given by
equation (7.15). Among the proposals for incorporating topological capabilities
to parametric snake models [10, 11, 12, 13], the T-Snakes approach [47] has the
advantage of been a general one, in the sense that the same formulation can be
used for 2D and 3D, for both splits and merges.

The T-Snakes approach is composed basically by four components [14]: (1)
a simple CF-triangulation of the image domain; (2) projection of each snake over
the grid; (3) a binary function called characteristic function χ, defined on the grid
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nodes, which distinguishes the interior from the exterior of a snake; (4) a discrete
snake model.

To clear the ideas, consider the characteristic functions (χ1 and χ2) relative
to the two contours pictured in Figure 6.1. The vertices marked are those where
max {χ1, χ2} = 1. Observe that the merge of the curves belongs to the triangles
in which the characteristic function changes value.

Figure 6.1: Two snakes colliding with the inside grid nodes and snake points

(snaxels) marked.

Thus, from the points obtained in the step (2), we can choose a set of N

points {vi = (xi, yi) , i = 0, ..., N − 1} to be connected to form a closed contour
(T-Snake).

In [48] we evolve a T-Snake based on a tensile force (Bi), given by equation
(3.26), an external (image) force (fi), defined by expression (3.16), and a normal
(balloon-like) force (Fi), defined as follows:

Fi = k (signi)
−→n i, (6.1)

where −→n i is the normal at the snaxel vi, k is a force scale factors, signi = 1 if
I (vi) ≥ T and signi = 0 otherwise (T is a threshold for the image I). The utility
of the balloon-like force given by expression (6.1) is two-fold. Firstly, it avoids
the unwanted contraction effect of the tensile force due to the inflation (see [44]
for details). Secondly, this force pushes the model towards the object(s) of inter-
est, characterized by the threshold T . The external force f t

i given by expression
(3.16) attracts the snake to object boundaries in the image. We update the T-Snake
position according to the evolution equation defined by expression (3.25), which
can be rewritten as:
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v
(t+∆t)
i = vt

i + ∆t
(
Bt

i + F t
i + f t

i

)
. (6.2)

The T-Snakes model incorporates also an entropy condition: “once a node is
burnt (passed over by the snake) it stays burnt ” [14]. The termination condition
defined by expression (3.27) is not efficient for the T-Snakes model due to its
reparameterization process which is based on the projection of the snake [42, 46].
Therefore, a specific termination condition is defined based on the number of
deformations steps (temperature) that a triangle was cut by a T-Snake. A T-Snake
is considered to have reached its equilibrium state when the temperature of all the
snaxels fall bellow a preset value (called ”freezing point” in the T-Snakes literature
[14, 47]).

6.3 Dual-T-Snakes Algorithm

The key idea behind this method is to explore the T-Snakes framework to propose
a generalized dual active contour model: one T-Snake contracts and splits from
outside the targets and another ones expand from inside the targets.

To make the outer snake to contract and the inner ones to expand we assign an
inward normal force to the first and an outward normal force to the others accord-
ing to expressions (6.1). Also, to turn the T-Snakes evolution interdependent we
use the image energy and an affinity restriction.

We use two different definitions for image energy: one for the outer contour
((Eouter)) and another one for the set of inner contours enclosed by it ((Einner)):

Eouter =
N−1∑
i=0

(−‖∇I (vi)‖2) /N, (6.3)

Einner =
1

m

(
m∑

k=0

(
Nk−1∑
i=0

(−‖∇I (vi)‖2) /Nk

))
, (6.4)

where m is the number of inner curves, N, Nk are the number of snaxels of the
outer snake and of the inner snake k, respectively. Expressions (6.3)-(6.4) can
be obtained from equation (3.23) if we set hi = 1/N for the outer snake and
proceed similarly for the inner ones. The normalization is necessary in order to
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be compared. Otherwise, the snake energy would be a decreasing function of the
number of snaxels and comparisons would not make sense.

Following the dual approach methodology [17], if Einner > Eouter an inner
curve must be chosen. To accomplish this, we use an affinity operator which
estimates the pixels of the image most likely to lie on the boundaries of the objects.
Based on this operator, we can assign to a snaxel the likelihood that it is close to a
boundary. That likelihood is thresholded to obtain an affinity function that assigns
to the snaxel a 0-1 value: ”0” for the snaxels most likely to lie away from the
target boundaries and ”1” otherwise.

Then, the inner curve with highest number of snaxels with affinity function
value null is chosen. If Eouter > Einner the outer snake is evolved if the corre-
sponding affinity function has null entries.

Also, the balance between the energy/affinity of the outer and inner snakes
allows to avoid local minima. For instance, if a T-Snake has been frozen, we
can increase the normal force at the snaxels where the affinity function is zero,
that is, we add a driving force only to the snaxels most like to lie far from the
boundary. The self-intersections that may happen during the evolution of a snake
when increasing the normal force are naturally resolved by the T-Snakes model.
This is way we can use that added normal force to play the role of the driving
force used by Gunn and Nixon (avoiding the matching problem required in [17]).

To evaluate similarity between two contours, we use the difference between
the characteristic function of the outer snake and the characteristic functions of the
inner ones (Characteristic Diff). For example, in the case of the CF triangulation
of the Figure 6.1 we can stop the motion of all snaxels of an inner snake inside a
triangle σ if any of its vertex v ∈ σ has the two following properties: (a). All the
six triangles adjacent to v have a vertex where Characteristic Diff=0; (b). One of
these triangles is crossed by the outer contour.

The freezing point (section 6.2) is used to indicate that a T-Snake has found
an equilibrium position. In what follows, we call Dual Snake a list of T-Snakes
where the first one is an outer contour and the other ones are inner contours. The
algorithm can be summarized as follows:

The experience with this method shows that it is very useful to reduce the
search space. So, we proposed in [22] a two stage segmentation approach: (1)
the region of interest is reduced by the Dual-T-Snakes; (2) a global minimization
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Algorithm 2 Dual-T-Snakes
Put all the dual snakes into a queue.

repeat

Pop out a dual snake from the queue;

Use the energies (equations (6.3) and (6.4)) and the affinity function to decide

the snake to be processed;

if all snaxels of that snake are frozen then

repeat

increase the normal force at those with affinity zero

until the snake energy starts decreasing.

Remove that added normal force;

repeat

Evolve the snake

until the temperature of all snaxels falls bellow the freezing point;

Analyze the Characteristic Diff of the current snake;

if the snake being processed is close to a snake of the other type (in-

ner/outer) then

remove the dual snake from the queue.

else

mount the resulting dual snake(s) and go to the beginning.

until the queue is empty
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technique, the Viterbi algorithm [33, 42], is used to find the object boundaries (see
section 5.3). In fact, the Viterbi algorithm was also used in [38] and sometimes it
is called non-evolutionary dual model, in the sense that it is not based on a curve
evolution [61].

The following example shows the application of the segmentation framework
that combines the Dual-T-Snakes and the Viterbi algorithm [22, 42] for a cell
image. The Figure 6.2.a shows a blood cell obtained by an electronic microscope
technique. When pass-band filter is applied, we get an edge map resembling a
ribbon whose thickness depends on the kernel size of the used filter ( Figure 6.2.b).
That is an ideal situation for applying Dual-T-Snakes plus Viterbi because, firstly,
the former extracts the ribbon (Figure 6.2.c). Then, the later is applied to the
original image to give the final result (Figure 6.2.d).

(a) (b)

(c) (d)

Figure 6.2: (a)Image to be processed. (b)Band-Pass filtered image. (c)Dual-T-

Snakes solution. (d)Viterbi solution.
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6.4 Neural Nets for Initialization

Neural Networks have been used for instantiating deformable models for face
detection [105] and handwritten digit recognition tasks [81] (see also [97] and
references therein). To the best of our knowledge, there is no references using
neural nets to initialize deformable models for medical images. However, the
network system proposed in [106], which segments MR images of the thorax,
may be closer to this proposal.

In this method each slice is a grey level image composed of (256×256) pixels
values and is accompanied by a corresponding (target) image containing just the
outline of the region. Target images were obtained using a semi-automatic tech-
nique based on a region growing algorithm. The general idea is using a multilayer
perceptron (MLP), where each pixel of each slice is classified into a contour-
boundary and non-contour-boundary one.

The inputs to the MLP are intensity values of pixels from a (7 × 7) window
centered on the pixel to be classified. This window size was found to be the
smallest that enabled the contour-boundary to be distinguished from the others
image’s artifacts. The output is a single node trained to have an activation of
1.0 for an input window centered in the pixel of a contour-boundary, and 0.0
otherwise. The network has a single hidden layer of 30 nodes.

The network was trained using error back-propagation [107, 108] with weight
elimination [109] to improve the network’s generalization ability. The training
data should be constructed interactively: a proportion of misclassified examples
should be added to the training set and used for retraining. The process is initi-
ated from small random selection of contour-boundary and non-contour-boundary
examples, and should be terminated when a reasonable classification (on a given
slice) is achieved.

The MLP classified each pixel independently of the others, and therefore has
no notion of a closed contour. Consequently, the contour-boundaries it produces
are often fragmented and noisy (false negatives and false positives respectively).
Then, with this initial set of points classified as contour-boundaries, a deformable
model is used to link the boundary segments together, while attempting to ignore
noise.

In [106] it is used the Elastic Net algorithm. This technique is based on the
following equations:
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∆ut+1
j,l = α

N∑
i=1

Gij

(
pi,l − ut

j,l

)
+ Kβ

(
ut

j+1,l − 2ut
j,l + ut

j−1,l

)
, (6.5)

∆ut+1
j,l = Kγ

(
ut+1

j,l+1 − 2ut+1
j,l + ut+1

j,l−1

)
, (6.6)

where ∆ut+1
j,l is a inter-slice smoothing force, K is a simulated annealing term,

α, β, γ are pre-defined parameters and Gij is a normalized gaussian that weights
the action of the force that acts over the net point uj,l due to edge point pi,l (l is
the slice index).

The deformable model initialization is performed by using a large circle en-
compassing the lung boundary in each slice. This process can be improved by
using the training set.

As an example, let us consider the work [81] in handwritten digit recognition.
In this reference, each digit is modelled by a cubic B-spline whose shape is deter-
mined by the positions of the control points in the object-based frame. The models
have eight control points, except for the one model which has three, and the seven
model which has five. A model is transformed from the object-based frame to the
image-based frame by an affine transformation which allows translation, rotation,
dilation, elongation, and shearing. The model initialization is done by determin-
ing the corresponding parameters. Next, model deformations will be produced by
perturbing the control points away from their initial locations.

There are 10 classes of handwritten digits. A feedforward neural network is
trained to predict the position of the control points in a normalized 16 × 16 grey
level image. The network uses a standard three layer architecture. The outputs
are the location of the control points in the normalized image. By inverting the
normalization process, the positions of the control points in the unnormalized
image are determined. The affine transformation corresponding to these image
can then be determined by running a special search procedure.
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Chapter 7

Continuous and Parametric Snake

Models

7.1 Introduction

In this Chapter, we describe some continuous snake models in which the de-
formable curve is represented in a parametric form. Following the taxonomy of
Figure 3.2, we must consider models that are based on Euler-Lagrange equations
and front propagation techniques. The original snake model, presented on section
3.2 is a technique in this class.

7.2 Scale-Space Methods and Snakes

The external potential in expression (3.8) depends on the derivatives of the image
field. However, the images are, in general, irregular and noisy fields, as we can
see on Figure 7.1 for the 1D case. Therefore, from the numerical viewpoint,
some regularization process is necessary. The linear diffusion (Gaussian blurring),
discussed on section 4.2, is the straightforward method to perform this task.

The application of the Gaussian Kernel was the starting point for the paramet-
ric multiscale representation of images [110]. The central idea of such methods is
to consider the original image as a member of an image family I(x, y, t) generated
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Figure 7.1: Irregular and noisy signal f .

by the convolution of the original image I0(x, y) = I(x, y, 0) with the Gaussian
kernel [111]:

I (x, y, t) = Gt ∗ I0, (7.1)

where:

Gσ(t) (x, y) =
1

2πσ (t)2 exp

(
− 1

2σ (t)2

(
x2 + y2

))
(7.2)

is the 2D Gaussian kernel. The family I (x, y, t) in expression (7.1) is the funda-
mental solution of the equation (4.1) if c (x, y, t) is a constant.

Such formulation has the following properties: (a) Linear; (b) Obeys a causal-
ity principle (no artifacts are generated along the time t in the above scheme); (c)
It recovers the original signal if σ → 0 because

lim
σ→0

Gσ (x, y) = δ (x, y) , (7.3)

where δ (x, y) is the Dirac delta.
Therefore, we can show that the gradient operator applied over the smoothed

field is well defined. In fact, let us consider a (generic) differentiable filter sσ and
a scalar field Φ, where σ is a real parameter that controls the filter support. The
smoothed version Φ̃ of Φ, given by the convolution:

Φ̃ =

+∞∫

−∞

+∞∫

−∞

Φ (v, w) sσ (u1 − v, u2 − w) dvdw, (7.4)

is a differentiable function respect to x and y because, given a differential operator:
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D =
∑
i,j

bij
∂n

∂uı
1∂uj

2

, n = 1, 2, ... (7.5)

we can apply it to the field Φ̃ by:

D
(
Φ̃

)
=

+∞∫

−∞

+∞∫

−∞Φ

Φ (v, w)


 ∑

(i,j)∈N2
n

bij
∂n

∂uı
1∂uj

2

sσ (u1 − v, u2 − w)


 dvdw.

(7.6)
Therefore, we can compute D

(
Φ̃

)
in only one step by just taking the con-

volution of the original field Φ with the derivative of the kernel s. Likewise the
Gaussian kernel, this kernel must obey the properties (a)-(c) listed above.

Expression (7.6) is the starting point to generalize the idea of (linear) multi-
scale representation of images. The idea is represented on Figure 7.2.

Figure 7.2: Tracking in the scale space.

In this figure, we picture a signal I and a sequence of low pass versions, ob-
tained by convolving the original signal with the kernel sσ, through expression
(7.4), at scales σ4 > σ3 > ... > σ0. The key idea is, to identify the structure of
interest in the coarser scale σ4, and then to track it over the finer scales until the
finest one σ0.
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7.3 Euler-Lagrange Snakes

The process of minimizing the functional given in (3.2) can be viewed from a
dynamic point of view by using the Lagrangian mechanics [15, 118]. This leads
to dynamic deformable models that unify the description of shape and motion. In
these models the deformable contour is viewed as a time-varying curve:

c (s, t) = (x (s, t) , y (s, t)) , (7.7)

with a mass density µ and a damping density λ. Therefore, the curve has a poten-
tial energy Ep, defined by the expression (3.2), a kinetic energy T which depends
on the velocity [6, 112]:

Ep (c) =

∫

c

(
ω1 ‖c′ (s)‖2

+ ω2 ‖c′′ (s)‖2
)

ds +

∫

c

P (c (s)) ds, (7.8)

T = µ

∫

c

∥∥∥∥
∂c

∂t

∥∥∥∥
2

ds. (7.9)

The damping forces are derived from a generalized potential Uat which is a
function of the curve velocity [112]:

∂Uat

∂t
= −1

2
λ

∥∥∥∥
∂c

∂t

∥∥∥∥
2

, (7.10)

Therefore, the Lagrangian of the problem can be written as [112]:

L
(
c,

.
c, c′.c′′

)
= T − Ep − Uat, (7.11)

Once we have two independent parameters s and t, the functional J to be
optimized has the form [112]:

J =

t2∫

t1

1∫

0

Ldsdt (7.12)

which generates the following Euler-Lagrange equations [112, 92]:

∂L

∂x
− ∂

∂t

(
∂L

∂
.
x

)
− ∂

∂s

(
∂L

∂x′

)
+

∂

∂s2

(
∂L

∂x′′

)
= 0, (7.13)
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∂L

∂y
− ∂

∂t

(
∂L

∂
.
y

)
− ∂

∂s

(
∂L

∂y′

)
+

∂

∂s2

(
∂L

∂y′′

)
= 0. (7.14)

By substituting expressions (7.8)-(7.10), we obtain the equations of motion
for the snake [15, 46]:

µ
∂2c

∂t2
+ λ

∂c

∂t
− w1

∂2c

∂s2
+ w2

∂4c

∂s4
− γ∇P = 0, (7.15)

where the first two terms (from left to right) represent the inertial and damping
forces while the third and fourth terms give the forces related to the internal en-
ergies (we are supposing constant parameters). Now, the non-invariance of the
internal energy under affine transformations can be seen from a dynamical point
of view: the internal forces in equation (7.15) have an inward normal component,
observed in expression (3.7), which tends to contract the snake in order to push
the model towards the global minimum of w1Eten + w2Erig [19, 20, 45]. The last
term in equation (7.15) is the external force due to the external potential P defined
by expressions (3.8)-(3.9).

Given an initial curve (c (s, 0)) and its velocity, the equation (7.15) can be
solved to find the minimum of the potential energy defined by expression (7.8).
Such equilibrium position is achieved when the internal and external forces bal-
ance and the contour comes to rest, which implies that:

∂c/∂t = ∂2c/∂t2 = 0. (7.16)

In general, snake models do not use the inertia term, that means, µ = 0, in
order to avoid oscillations nearby the target (see [118] for details). Besides, the
rigidity in expression (7.15) makes the snake too rigid and may be not efficient
to get finer details. Therefore, we set µ = w2 = 0 in expression (7.15) and then
divide the resulting equation by the damping density λ in order to discard one
more parameter. The obtained model has the evolution equation given by:

∂c

∂t
− w1

∂2c

∂s2
− γ∇P = 0. (7.17)

which is equal to expression (3.19), of section 3.2.
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7.4 Snakes in Finite Dimensional Spaces

In this discussion we are supposing deformable curves that can be represented in
the form:

c (s) =
N∑

i=0

qifi (s) = BT Q, (7.18)

where B = (f0, f1, ..., fN)T is an array of linearly independent functions and Q

is a column vector of points of the plane which are called the control points of
the curve. The most common examples of these deformable models are the D-
NURBS [119] and Active Splines [6] which are based on piecewise polynomial
functions belonging to a finite dimensional space of square integrable functions.

The instantaneous configuration of the system is given by a point in a config-
uration space of dimension (2N + 2), whose (generalized) coordinates are given
by the coordinates of the N + 1 points qi in the Q vector.

As the curve is deformed, the control points get move, so we have a velocity

vector
·
Q associate with Q. The complete state of the system (snake) is defined by

a pair
(

Q,
·
Q

)
.

An advantage of using curves of the form (7.18) is that the motion equations
in the Q space (Euler-Lagrange equations) are ordinary differential equations. To
see this, let’s compute the energies given by expressions (7.8)-(7.10), but now
considering that the curve c (s, t) has the form of expression (7.18):

Kinetic Energy

T
( ·
c
)

=
1

2

∫
µ

∥∥∥∥
∂c

∂t

∥∥∥∥ ds =
µ

2

·
QT M0

·
Q. (7.19)

where M0 =
∫

BBT ds and µ is de linear mass.
Dissipation

∂Uat

∂t

( ·
c
)

= −γ

2

·
QT M0

·
Q. (7.20)

where γ is the constant damping density.
Elastic Energy

Eint = ω1Q
T M1Q + ω2Q

T M2Q. (7.21)
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where ω1 and ω2 are the tension and rigidity parameters, already defined on section
3.2 and:

M1 =

∫
dB

ds
· dBT

ds
ds, M2 =

∫
d2B

ds2
· d2BT

ds2
ds. (7.22)

External Energy

Eext =

∫
P (c (s, t)) ds. (7.23)

Potential Energy

Ep = Eint + Eext. (7.24)

The corresponding Lagrangian has the form [112]:

L (c,
.
c, c′.c′′) = T − Ep − Uat. (7.25)

The Euler-Lagrange Equations derived from the Hamilton’s Principle [112]
for the system described by (7.19)-(7.24) compose the snake model that we will
study in this section. The Euler-Lagrange Equations for the snake can be summa-
rized as [112, 6]:

d

dt

(
∂T

∂
·
Q

)
− ∂T

∂Q
− ∂

∂
·
Q

(
∂Uat

∂t

)
+

∂Ep

∂Q
= 0 (7.26)

By substituting (7.19)-(7.24) in this expression we obtain:

µ
··
Q + γ

·
Q + M−1

0 (ω1M1 + ω2M2) Q = M−1
0 F, (7.27)

where:

F = −1

2

∫
∂P (c (s, t))

∂Q
ds. (7.28)

The parameters (µ, γ, ω1, ω2) must be chosen in advance and are essential for
the behavior of the model. We have also to constrain this system to initial condi-
tions to have a unique solution.
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7.4.1 Numerical Analysis

The equation (7.27) do not have in general analytical solution so we have to use
a numerical approach to solve it with the desired precision. The finite differences
scheme we use is similar to the one applied on section 3.2.1. It is given by the
following approximations of the first and second time derivatives:

.

Q (t− τ) ≈ 1

2τ
[Q (t)−Q (t− 2τ)] , (7.29)

..

Q (t− τ) ≈ 1

τ 2
[Q (t)− 2Q (t− τ) + Q (t− 2τ)] . (7.30)

with analogous expressions for space derivatives.
Through these expressions we can discretise the equation (7.27) in the form:

AQt+τ = Bt,t−τ . (7.31)

where:

A =
[( µ

τ 2
+

γ

2τ

)
M0 + K

]
, (7.32)

Bt,t−τ = 2F
(
t− τ

)
+

(
2µ

τ 2

)
M0Q

t −
(

µ

τ 2
− 1

2τ

)
M0Q

t−τ , (7.33)

Let’s now study the properties of this scheme. For a numerical scheme gives
coherent results it has to have the properties of consistence, stability and con-
vergence [120]. The consistence is straightforward verified due the expressions
(7.29)-(7.30).

For the stability condition of the scheme let’s first suppose the Hessian of F

is limited. So, the analysis of the stability can be carried out by the conditioning
of matrix A. If A is well-conditioned then we have a guarantee of stability for the
scheme.

Following the methodology found in [15], let’s consider the condition number
of the matrix A in 7.32. Supposing A is non singular, this number is given in
2-norm by [118]:

κ2 (A) = 1 +
λmax (M0)− λmin (M0)

λmin (M0)
+

λmax (M0)

β
, (7.34)
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where:

β =
( µ

τ 2
+

γ

2τ

)
. (7.35)

From (7.34)-(7.35) we see that the higher β and the lower is the difference
λmax (M0) − λmin (M0) the better is the conditioning of matrix A (κ2 (A) → 1

) and consequently the stability of the linear system. From expression (7.35) it
is clear that we can improve the stability by increasing µ and γ. So, by the Lax
Equivalence Theorem [120], we can guarantee that the numerical scheme is con-
vergent.

Despite of the gain of stability, we have to be careful with large values of µ

and γ because they can slowing down the convergence rate. In [118] we address
this drawback in the context of dynamical system. Specifically, we show that the
parameters of the model have to be chosen in a way that the border we seek is an
attractor or stable focus in the topology of the phase space defined by

(
Q, Q̇

)
. A

necessary condition to achieve this is that the energy functional is strictly convex
in a neighborhood of the border, that means, if Ep has a local minimum in the
border. As a consequence of this analysis, a local expression relating the dynamic
parameters and the rate of convergence arises. Such results link the convexity
analysis of the potential energy and the dynamic snake model, generalizing the
results presented in [121].

7.5 Dual-Front Approach

In [24], a fast and flexible dual-front implementation of active contours is propose
by iteratively dilating an initial curve to form a narrow region and then finding
the new closest potential weighted minimal partition curve inside. The method is
motivated by minimal path technique [26, 25]. In this method, given a potential
P > 0, and a point p in the domain Ω, the minimal action map U0 (p) is defined
as:

U0 (p) = min
Ap0,p

∫

Ω

P̃ (c (s)) ds (7.36)

where P̃ = P +w, with w been a constant, and Ap0,p is the set of paths connecting
p0 and p. Expression (7.36) gives the minimal energy integrated along the paths
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between the starting point p0 and any point p inside the domain Ω. Because the
action map U0 has only one minimum value at the starting point p0 and is a convex
function in Ω, it can be easily determined by solving the equation [26]:

|∇U0| = P̃ , and U0 (p) = 0, (7.37)

which becomes the Eikonal equation (expression (8.9)) if we set P̃ = 1/V. This
equation can be efficiently solve by using the fast marching algorithm [27] revised
on section 8.2. Equations (7.36)-(7.37) are the starting point for the dual-front
technique [24]. So, given two points p0, p1 ∈ Ω the method computes the action
maps U0 (p) and U1 (p), respectively, through the solution of expression (7.37),
seeking for the points p ∈ Ω such that:

U0 (p) = U1 (p) . (7.38)

At these points, the level sets of the minimal action map U0 meets the level
sets of the minimal action map U1 generating the Voronoi diagram of the image
that decompose the whole image into two regions containing the points p0 and p1.
We can generalize definition (7.36) for a set X ⊂ Ω through the expression:

UX (q) = min
p∈X

Up (q) , (7.39)

that mens, UX (q) is the minimal energy along the paths of the set Ap,q, where
p ∈ X . Therefore, given two curves cin and cout bounding the search space called
Rn in the Figure 7.3, and two potentials P̃in and P̃out that takes lower values near
desired boundaries, the dual-front algorithm firstly computes the minimal action
maps Uin and Uout until these two action maps meet each other. Then, the evolu-
tions of the level sets of both the action maps stops and a minimal partition bound-
ary is formed in the region Rn of the Figure 7.3. Mathematically, this boundary is
the solution of the following equations:

|∇Uin| = P̃in, with Uin (cin) = 0, (7.40)

|∇Uout| = P̃out, with Uout (cout) = 0, (7.41)

Uin (p) = Uout (p) . (7.42)
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Figure 7.3: One interaction of the Dual-Front algorithm. (a)Initial curve cn of the

iteration n. (b)Search space defined through dilation of the initial curve cn with

bounds cin and cout. (c)Obtained solution Cnew, the minimal partition curve. The

curve c is replaced by the curve Cnew to initialize the next iteration.

The dual-front approach is an iterative method which is picture on Figure 7.3.
Firstly, the curves cin and cout are placed by user interaction or obtained by dila-
tion of an initial curve, named by cn in Figure 7.3. Then, the minimal partition
boundary is computed by solving equations (7.40)-(7.42). To perform this task,
the actions Uinand Uout are computed inside the region Rn, through expressions
(7.40) and (7.41), respectively, until condition (7.42) is achieved. The obtained re-
sult, named by cn+1 will replace cn for processing the next iteration. The method
proceed until the distance between consecutive minimal partition curves is less
than a pre-defined threshold δ, that means d (cn, cn+1) < δ (like in expressions
(5.37)). The potentials P̃in and P̃out are defined in [24] using the following gen-
eral expressions which integrates region based and the edge-based information.

P̃in (x, y) = wr
in · f

(|I (x, y)− µin| , σ2
in

)
+ wb

in · g (∇I) + win, (7.43)

P̃out (x, y) = wr
out · f

(|I (x, y)− µout| , σ2
out

)
+ wb

out · g (∇I) + wout, (7.44)

where µin, σ2
in are the mean and variance of the image intensity inside region

(Rin −Rin ∩Rn) , µout, σ2
out are the mean and variance of the image intensity
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inside region (Rout −Rout ∩Rin), and wr
in, w

b
in, win are parameters to be set in

advance (the same for wr
out, w

b
out, wout).

The Figure 7.4 shows an example of the application of the dual-front method
for 2D human brain MRI image where the segmentation objective is to find the
interface between the gray matter and the white matter. This example is interesting
to observe the sensitivity of the method against the width of the search space,
called active region in [24]. We observe that the obtained result was much better
for the narrower search space than for the other ones. In this test, the potentials in
expressions (7.43)-(7.44) are defined by setting wr

in = wr
out = 1, wb

in = wb
out =

0.1, win = wout = 0.1, and f, g given by:

f (x, y) = |I (x, y)− µin| , (7.45)

g (x, y) = (1 + |∇I|)2 . (7.46)

74



Figure 7.4: Sensitivity of the of the Dual-Front against different sizes of the ac-

tive region (search space): (a) The original 2D human brain MRI image and the

initial curve; (b) The corresponding edge map obtained through the gradient infor-

mation; (c)-(g) Segmentation results obtained for a search space defined through

morphological dilation of the initial curve with 5 × 5, 7 × 7, 11 × 11, 15 × 15,

23× 23 pixels circle structuring elements, after 15 iterations.

75



Chapter 8

Implicit Models

8.1 Introduction

Implicit snake models, such as the formulation of level set proposed in [8], consist
of embedding the snake as the zero level set of a higher dimensional function
and to solve the corresponding equation of motion (see [9] for a review). Such
methodologies are best suited for the recovery of objects with complex shapes
and unknown topologies.

In section 8.2 we review the basic formulation of level set. In sections 8.4 and
8.5 we present applications of level set for dual and twin snakes, respectively.

8.2 Level Set

In this section we review some details of the level set formulation [8]. The main
idea of this method is to represent the deformable surface (or curve) as a level set
{x ∈ <3|G (x) = 0} of an embedding function:

G : <3 ×<+ → <, (8.1)

such that the deformable surface (also called front in this formulation), at t = 0,
is given by a surface S:
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S (t = 0) =
{
x ∈ <3|G (x, t = 0) = 0

}
. (8.2)

The next step is to find an Eulerian formulation for the front evolution. Fol-
lowing Sethian [8], let us suppose that the front evolves in the normal direction
with velocity

−→
F that may be a function of the curvature, normal direction, etc.

We need an equation for the evolution of G (x, t), considering that the surface
S is the level set given by:

S (t) =
{
x ∈ <3|G (x, t) = 0

}
. (8.3)

Let us take a point x (t), t ∈ <+ of the propagating front S. From its implicit
definition given above we have:

G (x (t) , t) = 0. (8.4)

Now, we can use the Chain Rule to compute the time derivative of this expres-
sion:

Gt + F |∇G| = 0, (8.5)

where F = ‖dx/dt‖ is called the speed function and ∇ is the gradient operator,
with respect to x. An initial condition G (x, t = 0) is required. A straightforward
(and expensive) technique to define this function is to compute a signed-distance
function as follows:

G (x, t = 0) = ±d, (8.6)

where d is the distance from x to the surface S (x, t = 0) and the sign indicates if
the point is interior (-) or exterior (+) to the initial front.

Finite difference schemes, based on an uniform grid, can be used to solve
equation (8.5). The same entropy condition of T-Surfaces (once a grid node is
burnt it stays burnt) is incorporated in order to drive the model to the desired
solution (in fact, T-Surfaces was inspired on the level set model [46]).

In this higher dimensional formulation, topological changes can be efficiently
implemented. Numerical schemes are stable, and the model is general in the sense
that the same formulation holds for 2D and 3D, as well as for merge and splits.
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Besides, the surface geometry is easily computed. For example, the front normal
(−→n ) and curvature (K) are given, respectively, by:

−→n = ∇G (x, t) , K = ∇ ·
( ∇G (x, t)

‖∇G (x, t)‖
)

, (8.7)

where the gradient (∇) and the divergent (∇·) are computed with respect to x.
The update of the embedding function through expression (8.5) can be made

cheaper if the narrow-band technique is applied. The key idea of this method
comes from the observation that the front can be moved by updating the level set
function at a small set of points in the neighborhood of the zero set instead of
updating it at all the points on the domain (see [8, 49] for details).

To implement this scheme we need to pre-set a distance ∆d to define the nar-
row band. The front can move inside the narrow-band until it collides with the
narrow-band frontiers. Then, the function G should be reinitialized by treating
the current zero set configuration as the initial one. The mathematical background
behind this process is explained in section 8.2.

Also, this method can be made cheaper by observing that the grid points that
do not belong to the narrow band can be treated as sign holders [8], following the
same idea of the characteristic function used in section 6.2. This observation will
be used in section 8.4.

Eikonal Equation and its Mathematical Solution

In this sub-section, we present the mathematical solution for solving the level
set function with unity speed. Such a method is needed to compute the signed
distance transform when the front collides with the narrow-band frontier. The key
idea is to rewrite expression (8.5) in the form:

Gt = V (x, y) |∇G| , (8.8)

where V (x, y) = −F is the opposite of the speed function at a point (x, y) ∈ <2.
Let T (x, y) be the time at which the front crosses the grid point (x, y). In this
time, the surface T (x, y) satisfies the Eikonal equation:

||∇T || . V = 1. (8.9)
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By approximation, the solution to this equation would be given as:

max [ max(D−x T, 0),−min(D+x T, 0) ]2+

max [ max(D−y T, 0),−min(D+y T, 0) ]2 =
1

V 2
xy

, (8.10)

where V 2
xy was the square of the speed at location (x, y), and D−x T , D+x T ,

D−y T , D+y T are the backward and forward differences in space, given as:




D+x T = T (x+1,y)−T (x,y)
2

,

D−x T = T (x,y)−T (x−1,y)
2

,

D+y T = T (x,y+1)−T (x,y)
2

,

D−y T = T (x,y)−T (x,y−1)
2

.

An analogous scheme can be obtained for 3D. There are efficient schemes for
solving Eikonal equation (8.9). For details, see [50, 51, 52]. We implemented
equation (8.10) using Sethian’s “fast marching” algorithm referred to in patent
[53], discussed in the next sub-section.

Fast Marching Method for Solving the Eikonal Equation

The “fast marching method” (FMM) was used to solve the Eikonal equation, or
a level set evolution with speed (F ) whose sign does not change. Its main usage
was to compute the signed distance transform from a given curve (say, one with
speed = 1). This signed distance function was the level set function that was
used in the “narrow band” algorithm. FMM can also be used for a simple active
contour model if the contour only moves either inward (pressure force in terms of
parametric snakes) or outward (balloon force in terms of parametric snakes). The
FMM algorithm consisted of three major steps: (1) initialization stage, (2) tagging
stage, and (3) marching stage. We will briefly discuss these three stages.

1. Initialization Stage:
Let us assume that the curve cuts the grid points exactly, which means that
it passed through the intersection of the horizontal and vertical grid lines.
If the curve did not pass through the grid points, then we found where the
curve intersected the grid lines using the simple method recently developed

79



in [54] for curve-grid intersection. We implemented a robust method, which
was a modified version of the one presented in [54]. In this method, we
checked four neighbors (E, W, N, S) of a given central pixel and found
16 combinations where the given contour could intersect the grid. Since the
central pixel could be inside or outside, there were 16 positive combinations
and 16 negative combinations. At the end of this process, we noted the
distances of all the grid points which were closest to the given curve.

2. Tagging Stage:
Here, we created three sets of grid points: The Accepted set included those
points which lay on the given curve. All these points obviously had a dis-
tance of zero. We tagged them as ACCEPTED. If the curve did not pass
through the grid points, then those points were the points of the initializa-
tion stage and we also tagged them as ACCEPTED. The Trial set included
all points that were nearest neighbors to a point in the Accepted set. We
tagged them as TRIAL. We then computed their distance values by solving
the Eikonal Equation through expression (8.10). These points and their dis-
tances were put on the heap. The Far set were the grid points which were
neither tagged as ACCEPTED nor TRIAL. We tagged them as FAR. They
did not affect the distance computation of trial grid points. These grid points
were not put onto the heap.

3. Marching Stage:

(a) We first popped out a grid point (say P) from the top of the heap. It
should have the smallest distance value among all the grid points in
the heap. We tagged this point as ACCEPTED so that its value would
not change anymore. We used the heap sort methodology for bubbling
the least distance value on the heap.

(b) We found the four nearest neighbors of the popped point P. This is
what was done for these four points: if its tag was ACCEPTED, we did
nothing; otherwise, we re-computed its distance by solving Eikonal
equation (8.10). If it was FAR, it was relabeled as TRIAL and was put
on the heap. If it is already labeled as TRIAL, its value was updated in
the heap. This prevented the same point from appearing twice in the
heap.
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(c) Return to step (a) until there were no more points in the heap, i.e. all
points had been tagged as ACCEPTED.

The superiority of this method is evidenced by the fact that we visited every
grid point no more than four times. Here, the crux of the speed was due to the
sorting algorithm. The grid or pixel location (x, y) was picked up by designing
the back pointer method as used by Sethian et al. [53]. We used the heap sorting
algorithm to select the smallest value (see Sedwick et al. [55]). Briefly, a heap
can be viewed as a tree or a corresponding ordered array. A binary heap had the
property that the value at a given “child” position int(i) is always larger than or
equal to the value at its “parent” position (int (i/2)). The minimum travel time in
the heap is stored at the top of the heap. Arranging the tentative travel time array
onto a heap effectively identified and selected the minimum travel time in the
array. The minimum travel time on the heap identified a corresponding minimum
travel time grid point. Values could be added or removed from the heap. Adding
or removing a value to/from the heap included re-arranging the array so that it
satisfied the heap condition (“heapifying the array”). Heapifying an array was
achieved by recursively exchanging the positions of any parent-child pair violating
the heap property until the heap property was satisfied across the heap. Adding or
removing a value from a heap generally has a computation cost of order O(log n),
where n is the number of heap elements.

8.3 SVM for Level Set Initialization

The main issue in the application of SVM for snake initialization, as well as any
other supervised statistical learning technique, is the training stage. During the
training stage, first, representative images are segmented for region detection.
Then, some feature extraction procedure must be applied, may be followed by
principal component analysis (PCA) for dimensionality reduction [113, 114]. The
results are used to train the SVM classifier (see [101] for training details).

In the segmentation task, a new image will be first classified by the trained
SVM. The classifier must provide the initial contours which must be close to the
correct boundaries. These contours are used to initialize the snake model in order
to complete the boundary extraction (segmentation) process for the new image.
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Such approach is applied in [98], in a segmentation framework for Computer
Aided Dental X-rays Analysis. In this framework, authors apply a variational
formulation of level set (see [98] and references therein). This approach combines
energy minimization with the level set method. Therefore, it is suitable to segment
an image that is modeled by energy functions, which is the approach followed in
[98]. The feature used in this reference is a window-based feature processed by
PCA. These features are stacked in feature vectors:

xi =
(
f i

1, f
i
2, , ..., f

i
n

)T
, i = 1, 2, ..., s, (8.11)

where f i
j refers to the feature j for the image i.

Principal component analysis [113, 114], is applied to the feature vectors by
computing the mean shape:

x =
1

s

s∑
i=1

xi, (8.12)

the covariance matrix:

S =
1

s− 1

s∑
i=1

(
xi − x

) (
xi − x

)T
, (8.13)

and the eigenvectors of the covariance matrix:

{φ1, φ2, ..., φn} . (8.14)

The eigenvectors corresponding to the largest t ≤ n eigenvalues λi are re-
tained in a matrix Φ. A vector x can now be approximated by:

x =x + Φ · b, (8.15)

where b is a vector of t elements containing the model parameters, computed by:

b =ΦT · (x−x) . (8.16)

The corresponding b vectors will compose the feature space used for SVM
training in [98]. Therefore, given a new X-ray image I , we can summarize the
work presented in [98] as follows: (1) Pre-segmentation by level set in order to
generate the training set; (2) Feature extraction to compute the b vector; (3) SVM
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classification to provide the initial contours; (4) Variational level set initialization
and final segmentation.

8.4 Dual-Level-Set Approach

In this section we maintain the philosophy of Dual-T-Snakes: one snake contracts
and splits from outside the targets and another ones expand from inside the targets
(section 6.3). However, the snake model will be an implicit one. To set ideas, let
us consider the Figure 8.1.a, which shows two contours bounding the search space
and Figure 8.1.b that pictures a surface which zero level set is the union of the two
contours just presented.

(a) (b)

Figure 8.1: (a)Dual snakes bounding the search space. (b) Initial function which

zero level set is the two contours presented.

If the surface evolves such that the two contours get closer, we can obtain the
same behavior of Dual-T-Snakes. That is the key idea of the method proposed
by us in [23]. In order to accomplish this goal we must define a suitable speed
function and an efficient numerical approach. For simplicity, we consider the one
dimensional version of the problem pictured on Figure 8.2. In this case, the level
set equation given by expression (8.5) can be written as:

Gt +
∂G

∂x
F = 0. (8.17)

The main point is to design the speed function F such that Gt > 0. Therefore,
if we set the sign of F opposite to the one of Gx we get this goal, once:
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Gt = −∂G

∂x
F. (8.18)

Hence, the desired behavior can be obtained by the sign distribution of F, shown
in Figure 8.2.

Figure 8.2: Sign of speed function.

However, we should notice that Gx = 0 for singular points. So, the values of
G remain constant over these points because Gt becomes null. Thus, we should be
careful about the surface evolution nearby the singular points because anomalies
may happen. One possibility to avoid this problem is to stop front evolution before
getting close to this point. Another possibility could be to change the evolution
equation in order to allow the Gt 6= 0 over singular points. Such proposal implies
that the isolines may be not preserved, that is, they become a function of time also.
Thus:

G (x (t) , t) = y (t) , (8.19)

consequently, by applying Chain rule:

Gt +
∂G

∂x

dx

dt
=

dy

dt
. (8.20)

Therefore, we should provide an speed function in y direction.

Gt +

(
∂G

∂x
,−1

)
·
(

dx

dt
,
dy

dt

)
= 0. (8.21)

We can write this expression as:
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Gt + F |(∇G,−1)| = 0, (8.22)

where F is the speed function. For fronts in 3D we get:

Gt +
∂G

∂x

dx

dt
+

∂G

∂y

dy

dt
=

dz

dt
, (8.23)

therefore:

Gt +

(
∂G

∂x
,
∂G

∂y
,−1

)
·
(

dx

dt
,
dy

dt
,
dz

dt

)
= 0. (8.24)

One way to deal with these models is through viscous conservation laws [49].
For example, expression (8.20) becomes:

Gt +
∂G

∂x

dx

dt
= ε

∂2G

∂x2
, (8.25)

if dy/dt is replaced by εGxx, where ε is a new parameter. For 2D we will have:

Gt +

(
∂G

∂x
,
∂G

∂y

)
·
(

dx

dt
,
dy

dt

)
= ε∇2G, (8.26)

where ∇2 means the Laplace operator defined by:

∇2G =
∂2G

∂x2
+

∂2G

∂y2
. (8.27)

In our model we will maintain the idea that the front evolves in the normal
direction. Thus, expression (8.26) can be rewritten as:

Gt + F |∇G| = ε∇2G, (8.28)

following the same development to derive expression (8.5). Such model has been
studied in the context of front propagation in [64, 8, 49] and can be used to achieve
the desired result.

Once our application focus is shape recovery in a image I , we must choose a
suitable speed function F as well as a convenient stopping term S to be added to
the right-hand side of equation (8.28). Among the possibilities [32], the following
ones have been suitable for our Dual-Level-Set:

F = − 1 + αk

1 + |∇I|2 , (8.29)
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S = β∇P · ∇G, (8.30)

where k is the curvature, defined by expression (8.7), α, β are scale parameters
and P = − |∇I|2 , like in equation (3.8). Therefore, we are going to deal with the
following level set model:

Gt =

(
1 + αk

1 + |∇I|2
)
|∇G|+ ε∇2G + β∇P · ∇G. (8.31)

The evolution of the fronts follows this governing equation and are interde-
pendent due to the embedding function. However, once the evolution stops, we
must evaluate the similarity between the two contours and apply a driving velocity
instead of the driving force of section 5.4. The numerical method is a first order
one already known in the level set literature [49]. We have also simplified the ini-
tialization of the method through smoothed versions of step functions (see [23],
for details).

As usual in level set approaches, we use the narrow band method; that is, only
the values of G within a tube placed around the front are updated. This approach
can drop the complexity of the algorithm from O (N3), in three dimensions, to
O (mN2), where m is the number of cells in the width of the narrow band [49].
When the front moves near to the edge of the tube boundary, the computation is
stopped and a new tube is built with the zero level set at the center. For our dual
approach, the narrow band is attractive not only for computational aspects but also
because it allows an efficient way to evaluate similarity between two contours. In
fact, instead of using the criterium of section 6.3, we take the procedure pictured
on Figure 8.3: Firstly, the intersection point is computed (Figure 8.3.a); then, we
take a neighborhood of this point (Figure 8.3.b) and stop to update the function
G in all the grid points inside it or we can set to zero the speed function for these
points. We say that those grid points are frozen ones.

Once the fronts stop moving, we must decide in which grid points we add a
driving velocity. It is an extra velocity term which goal is the same of the driving
force in section 6.3; that is, to keep fronts moving again. Therefore, we get a less
sensitive model to the initial position of the fronts. To accomplish this task we can
add an extra velocity term to equation (8.31), called Vdriv.

We must be careful when choosing the grid points to apply this term. As in
the case of Dual-T-Snakes, the fronts may be nearby the boundary somewhere,
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(a) (b)

Figure 8.3: (a)Narrow bands touching each other. (b) Neighborhood to define

similarity between fronts.

but far away from the target in another place. We should automatically realize
this fact when the fronts stop moving. To accomplish this, we can use the affinity
operator explained on section 6.3. Based on this operator, we can define an affinity
function that assigns to a grid point inside the narrow band a 0 − 1 value: 0 for
the grid points most likely to lie away from the target boundaries and 1 otherwise.
Like in the Dual-T-Snakes, such affinity operator can be defined through fuzzy
segmentation methods [65, 66, 67], image transforms [68, 69], region statistics
[32], etc. The whole Dual-Level-Set algorithm can be summarized as follows: (1)
Initialization through Step Functions; (2) Evolution until fronts stop. (3) Evaluate
similarity. If frozen, stop. (4) Add Vdrive for some time steps. (5) After that,
turn-off Vdrive. Go to step 2.

Figure 8.4 shows the application of the Dual-Level-Set to segment the cell
image of Figure 8.4.a. However, instead of taking a band-pass version of it, like
in Figure 6.2.b, we just apply a low pass filter to smooth the image. The Dual-
Level-Set parameters are: α = 0.1, ε = 2.0, β = 0.1, T = 150, ∆t = 0.05.

The Figure 8.4.c shows the initialization for the greedy algorithm (section 5.3),
and the Figure 8.4.d pictures the final result.

87



(a) (b)

(c) (d)

Figure 8.4: (a) Original image. (b) Dual-Level-Set result. (c)Initialization of the

greedy snake model. (d) Final result.
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8.5 Coupled Snakes

In [32] it is presented an approach that can be considered as an implicit formula-
tion for twin snakes (section 5.6). In this method we have two coupled constrained
fronts that evolve independently. Such method have been used in medical imaging
applications where a volume has three tissue types, say T1, T2, and T3, and say
tissue T2 was embedded in between tissues T1 and T3. Such an example is seen
in the human brain where the GM (gray matter) is embedded between the WM
(white matter) and CSF. The key point is that there is a coupling, a thickness con-
straint, between WM-GM and GM-CSF volumes. In fact, the cortical mantle has
nearly constant thickness [71, 72]. Henceforth, Zengs proposed a level set method
that starts with two embedded surfaces in the form of concentric sphere sets. The
inner and outer surfaces were then evolved, driven by their own image-derived
information, while maintaining the coupling in between through a thickness con-
straint. The model evolution is based on the system:

∂Gin

∂t
+ Fin |∇Gin| = 0, (8.32)

∂Gout

∂t
+ Fout |∇Gout| = 0, (8.33)

where Gin and Gout are the embedding functions of the inner and outer surface,
respectively. In this model, the coupling between the two surfaces is obtained
through the speed terms Fin, Fout, based on the distance between the two surfaces
and the propagation forces. Therefore, we have two fronts which propagations are
coupled only due to the distance between them. Therefore, it can be considered
as an implicit formulation for twin snakes.
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Chapter 9

Deformable Surface Approaches

9.1 Introduction

Snake models can be extended for surface reconstruction in 3D images generating
deformable surface approaches [74]. The taxonomy pictured on Figure 3.2 can be
applied also for deformable surface models.

Topologically adaptable surfaces are mainly represented by the T-Surfaces and
Level Set [75, 8]. T-Surfaces model is the 3D counterpart of the T-Snakes, de-
scribed on section 6.2. Level Set surfaces follow the formulation presented on
section 8.2.

Dual surfaces follow the same philosophy of dual snake models: seek the
global minimum through two deformable surfaces. Few works have been reported
in the literature about dual surfaces[29, 29, 30, 37]. Although both the Dual-T-
Snakes and Dual-Level-Set methods can be extended to 3D, the former through
the T-Surfaces model [14, 75] and the later through implicit formulations for de-
formable surfaces [49, 32, 76] , such implementations have not been reported in
the literature yet.

Next, we summarize the T-Surfaces model its application for artery segmenta-
tion. Then, in section 9.3 we survey works in dual surfaces.
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9.2 T-Surfaces

The T-Surfaces approach follows the same philosophy of its 2D version, described
on section 6.2. It is composed by three components [14]: (a) a tetrahedral decom-
position (CF-Triangulation) of the image domain D ⊂ <3; (b) a particle model of
the deformable surface; (c) a Characteristic Function χ defined on the grid nodes
which distinguishes the interior (Int(S)) from the exterior (Ext(S)) of a surface
S:

χ : D ⊂ <3 → {0, 1} (9.1)

where χ (p) = 1 if p ∈ Int(S) and χ (p) = 0, otherwise (p is a node of the grid).
Following the classical nomenclature [89], a tetrahedron (also called a sim-

plex) σ is a transverse one if the characteristic function χ in equation (9.1) changes
its value in σ. Analogously, for an edge.

In the framework composed by both the simplicial decomposition and the
characteristic function, the reparameterization of a surface is done by [82, 14]:
(1) Computing the intersections of the surface with the grid; (2) Finding the set of
transverse tetrahedra (Combinatorial Manifold); (3) Choosing a surface point for
each transverse edge; (4) Connecting the selected points.

In this reparameterization process, the transverse simplices play a central role.
Given such a simplex, we choose in each transverse edge an intersection point to
generate the new surface patch. In general, we will obtain three or four transverse
edges in each transverse tetrahedron (Figure 9.1). The former gives a triangular
patch and the later defines two triangles. So, at the end of the step (4), a triangular
mesh is obtained and topological changes are resolved likewise in the 2D case,
described on section 6.2. Each triangle is called a triangular element [14].

Figure 9.1: Basic types of intersections between a plane and a simplex in 3D.

After the reparameterization process, a suitable evolution scheme must be ap-
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plied. Dynamically, a T-Surfaces can be seen as a closed elastic mesh [14]. Each
mesh node is called a node element and each pair of connected nodes vi, vj is
called a model element.

The node elements are linked by springs, whose natural length we set to zero.
Hence, a tensile force can be defined by:

−→αi =
∑

j

−→
S ij where

−→
S ij = c · rij, (9.2)

c is a scale factor and rij = ‖vi − vj‖ is the length of the corresponding model
element. The model also has a normal force which can be weighted as follows
[14]:

Fi = k (signi) ni, (9.3)

where ni is the normal vector at node i, k is a scale factor, and signi = +1

if I (vi) > T and signi = −1 otherwise (T is a threshold of the image I). This
force is used to push the model towards image edges until it is opposed by external
image forces.

The forces defined by the equations (9.2)-(9.3) are internal forces. The exter-
nal force is defined as a function of the image data, according to the interested
features. Several different approaches have been adopted according to the appli-
cation [42, 94]. In our case, it can be defined as follows:

Image :: Force :: f t
i = −γi∇P ; P = ‖∇I‖2 . (9.4)

The evolution of the surface is controlled by the following dynamical system:

v
(t+∆t)
i = vt

i + hi

(−→αi
t +

−→
Fi

t +
−→
fi

t
)

, (9.5)

where hi is an evolution step.
During the T-Surfaces evolution, some grid nodes become interior to a surface.

Such nodes are called burnt nodes and its identification is required by the update
of the characteristic function [14]. To deal with self-intersections, the T-Surfaces
model incorporates an entropy condition: once a node is burnt it stays burnt. A
termination condition is set based on the number of deformation steps in which
a simplex has remained a transverse one (freezing point). After the identifica-
tion of burnt nodes, we apply steps (1)-(4) for reparameterization and topological
changes.
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9.2.1 Artery Reconstruction

This section demonstrates the advantages of applying T-Surfaces plus isosurface
methods. Firstly, we segment an artery from an 80 × 86 × 72 image volume
obtained from the Visible Human project. This in an interesting example because
the intensity pattern inside the artery is not homogeneous.

(a) (b)

(c) (d)

Figure 9.2: (a) Initialization with grid 3× 3× 3. (b)T-Surfaces evolution (step 1).

(c)Solution for initial grid. (d)Final solution for grid 1× 1× 1.

Figure 9.2.a shows the initialization when using the intensity range (28, 32) to
initialize the characteristic function (equation (9.1)); that means:

χ (p) = 1 if I(p) ∈ (28, 32), (9.6)

χ (p) = 0, otherwise,
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where I(p) is the image intensity at the node p of the grid. The extracted topology
is too different from that one of the target. However, when applying T-Surfaces
the obtained geometry is improved. Figure 9.2.b shows the result after the first
step of evolution. The merges among components improve the result. After 4

interactions of the T-Surfaces algorithm, the extracted geometry becomes closer
to that one of the target (Figure 9.2.c).

However, the topology remains different. The problem in this case is that
the used grid resolution is too coarse if compared with the separation between
branches of the structure. Thus, the flexibility of the model was not enough to
correctly perform the surface reconstruction.

The solution is to increase the resolution and to take the partial result of Figure
9.2.c to initialize the model in the finer resolution. In this case, the correct result is
obtained only with the finest grid (1×1×1). Figure 9.2.d shows the desired result
obtained after 9 interactions. We also observe that new portions of the branches
were reconstructed due to the increasing of T-Surfaces flexibility obtained through
the finer grid. We should emphasize that an advantage of the multiresolution
approach is that at the lower resolution, small background artifacts become less
significant relative to the object(s) of interest. Besides, it avoids the computational
cost of using a finer grid resolution to get closer the target.

The T-Surfaces parameters are γ = 0.01, k = 1.222; c = 0.750. The total
number of evolution is 13. The number of triangular elements is 10104 for the
highest resolution and the clock time was of order of 3 minutes.

Sometimes, even the finest resolution may not be enough to get the correct
result. Figure 9.3.a pictures such an example.

In this case, we segment an artery from an 155 × 170 × 165 image volume
obtained from the Visible Man Project. The T-Surfaces parameters are: c = 0.75,
k = 1.12, γ = 0.3, grid resolution is 4 × 4 × 4 and freezing point is set to
10. The result of T-Surfaces evolution is pictured on Figure 9.3.a. Likewise in
the last example, the initialization was performed by computing the characteristic
function in the 4× 4× 4 grid, using expression (9.6) .

Among the proposal to address this problem (relax the threshold, mathemati-
cal morphology [115], etc), we tested the anisotropic diffusion [93]. The proper-
ties of this method (section 4.2) enable smoothing within regions in preference to
smoothing across boundaries. Figure 9.3.b shows the correct result obtained when
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pre-processing the image with anisotropic diffusion.

(a)

(b)

Figure 9.3: (a)Example showing an incorrect result. (b)Final result improved by

pre-processing with anisotropic diffusion.

9.3 Dual Surfaces Methods

The formulation of the dual-front approach, described on section 7.5, remains the
same for 2D and 3D and the fast marching algorithm used to solve expressions
(7.40)-(7.42) is also efficient for 3D. In [28] it is proposed a 3D dual-front ap-
proach for brain cortex segmentation that allows user interact with a partial result
to improve it. In this scheme the search space is defined by the image histogram
analysis to find out the voxels between the CSF and WM tissues and voxels be-
tween the CSF and WM tissues. The user interaction is performed by just adding
useful seed points with simple mouse clicks.
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In [29, 31] a parametric dual surface model is presented for automatic seg-
mentation of structures from noisy PET images. The deformable model is based
on an greedy algorithm for the energy minimization . In this approach, the surface
is represented by a deformable mesh S = {v1, v1, .., vN} ⊂ <3. Adjacency rela-
tions are known and constant, hence symbol S is used to name the corresponding
polygonal mesh. The total energy of the surface mesh S is like expression (5.35):

E (S) = λEint (S) + (1− λ) Eext (S) , (9.7)

=
1

N

N∑
i=1

(λEint (vi) + (1− λ) Eext (vi)) . (9.8)

The parameter λ is in range [0, 1] and it weigh the contribution of the internal
(Eint) and external (Eext) energy of the model. Like in the snake approaches,
the external energy couples the model to the target image features and the internal
energy controls the smooth of the deformable surface. They are defined as follows:

Eint (vi) =
1

A (S)

∥∥∥∥∥vi − α

3∑
j=1

vij

∥∥∥∥∥

2

, (9.9)

where vij are the neighboring points of vi in the mesh, A (S) is the average area of
the faces of the surface, and α is a shape parameter. In the simplest case, the thin-
plate shape model, it is set α = 1/3. Other models shape model are considered in
[30].

The external energy is defined as:

Eext (vi) = 1− ‖∇I (vi)‖
maxx∈D ‖∇I (x)‖ , (9.10)

where D is the image domain. This energy is a monotonically decreasing function
of the gradient intensity. If compared with expression (5.34) we observe that it has
the advantage of been less sensitive to weak edges due to the normalization used.

Like in the snake models (section 3), in general the energy function defined by
expression (9.7) is not convex. In [29] it is proposed a dual surface minimization
(DSM) algorithm for the global optimization task. The algorithm is based on the
iterative minimization of the energies of two surfaces defined by an outer mesh and
the inner mesh. The energies for the both surfaces are calculated from equations
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(9.9)-(9.10). During each iteration, the energy of the mesh is minimized using a
greedy method adapted from [77] (see also section 5.3). The energy minimization
is used in such a way, that the outer surface shrinks and the inner surface grows.
Following the dual snake algorithm of section 5.4, after each iteration, the DSM
algorithm compares the energies of the outer and inner surfaces and continues
minimization with the surface having higher energy. If the surface having higher
energy gets stuck in a local minimum, the energy of the current surface position is
increased until the surface moves again. The DSM algorithm is stopped when the
volume inside of the inner surface exceeds the volume of the outer surface. The
algorithm selects the surface having the lower energy as the result.

The DSM algorithm has been applied for surface reconstruction in PET im-
ages. The use of PET scanners [78, 79] has increased which creates a need for
automatic methods for analysis of this kind of data. A PET image of the brain
can be registered (rigidly) with the MR images of the same structure to allow
gathering of physiological information associated with the anatomical structures.
However, PET images are noisy which increases the difficulties for automatic sur-
face extraction. That is the motivation for applying dual surfaces to segment PET
data.

In [29] it is presented a study of the DSM algorithm for extraction of brain
surfaces from 3D PET images. The surface reconstruction was accomplished by
using the deformable mesh with the internal energy given by expression (9.9),
with α = 1/3, and the external energy calculated from expression (9.10). The
initialization for DSM was performed by two concentric ellipsoids, as pictured in
Figure 9.4.

A visual inspection indicates that the extracted brain surfaces were accurate
in all the 17 studied cases, as we can check in Figure 9.5 which pictures a typical
example.
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Figure 9.4: Initialization of the DSM: (a) Sagittal view. (b) Coronal view. (c)

Transaxial cross-section view.

Figure 9.5: Three cross-section views of a typical result obtained for brain sur-

faces reconstruction from 3D PET images. (a) Sagittal view. (b) Coronal view.

(c) Transaxial cross-section view.
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Chapter 10

Discussion

The non-invariance under affine transformations implies that the internal energy is
sensitive to distortions due to changes in viewing geometry. It means that the elas-
tic forces may affect the efficiency of the energy minimization process [19, 20].
The AI-Snake - a discrete and affine-invariant snake model [19] - addressed this
problem. However, we pointed out also the need for invariance against reparame-
terization also.

For affine-invariant snakes, a complete description of the reparameterization
problem comes from the Lie Theory. In this case, we have to account for two
(Lie) groups: the reparameterization and affine transformations. Although there
is no a common invariant for both groups the results presented on section 5.2.1,
towards the exploration of integral invariants, shall be considered in the context of
Lie Groups for snake models.

Hierarchical filtering methods, as well as a continuation method based on a
(discrete) linear scale-space representations is a general approach to reduce the
nonconvexity problems. The idea described in the Figure 7.2 is robust and can be
applied to deal with noisy and textured images.

In deformable models area, defining the initial estimation from that we can
start the model evolution (the initialization step) is a difficult and important task.
Problems associated with fitting the model to data could be reduced if a better start
point for the search were available. The application of supervised statistical learn-
ing methods (sections 6.4 and 8.3) is an interesting area. However, the training
stage is a drawback which limits the range of applications.
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An important point for dual snakes is how to proceed the evolution after both
snakes comes at rest but are far from each other. With exception of the cell-based
dual model, the original dual model (sections 5.7 and 5.4) and the Dual-Front
(section 7.5), all the presented dual approaches apply some procedure in this step,
in order to avoid that some snaxels pass over the desired boundary, due to the
driving term. We can say that the notion of stability of the Dual-DGF, defined in
section 5.5, is the counterpart of the affinity operator in the Dual-T-Snakes and
Dual-Level-Set models.

Such procedure is bypassed in the original dual model (section 5.4) due to the
shape model used. The corresponding energy term may prevents that a snake pass
over a global minimum. However, the shape model given by expression (5.30)
limits the application of the method for general shapes and topologies. On the
other hand, in the cell-based dual model, the cell decomposition of the image do-
main provided by the watershed strongly reduces the search space. Therefore, the
energy minimization method may be less sensitive to local minima. Probably, that
is way authors do not take care about the possibility of snakes reach equilibrium
position far from the target. However, it does not seems to be possible to prove
that such situation never happens. In the Dual-Front, actually the level sets of the
action map U give the evolution of the front. The velocity of the evolving front
is decided by the potential. Therefore, both the potentials in expressions (7.43)-
(7.44) must be defined such that the velocity is much lower when the evolving
fronts achieve the boundary. If the constant w > 0, the front velocity will be
never null, and so, fronts only stop when the two action maps meet each other.
Such policy is interesting to pass over local minima but once there is no an energy
balance between fronts the global minimum may be also lost. Even the user inter-
action proposed in [28] is not enough to address this problem because fronts may
met too far way from the target, mainly if w value is not properly choose.

Dual-Level-Set as well as Dual-T-Snakes are topologically adaptable de-
formable models which increases their range of applications. However, such gen-
erality has also a price: the care with local minima should be higher than for
example, in the original model, because there is no a shape model to bias the
solution to the desired shape.

Despite of the capabilities to reject local minima, dual models have also some
disadvantages. Firstly, the method is at least two times more expensive than single
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approaches. Secondly, the initialization may be a tedious task because the user
should set two curves at the beginning of the process. The choice of parameter
values is also another point to be careful because in this case there are two snakes
to be set.

10.1 Conclusions and Future Works

Despite of their abilities to integrate image data and desired contour properties,
traditional parametric snake models have limitations due to the non-invariance of
the internal energy under affine transformations, the non-convexity of the model
energy functional and the inability to deal with topological changes.

The problem of topological changes has been addressed by embedding the
snake in the framework of a simplicial decomposition of the domain or through
implicit formulations.

The original dual approach is an interesting technique to address the sensitivity
to local minima of usual snake models. The idea of using two snakes to seek for
the global minimum, originally proposed in [17], have been used and extended in
recent works. Topological capabilities were incorporated, implicity formulations
were developed and a cell-based approach as well as new schemes to set the image
force and the snake evolution were designed in order to improve the efficiency.

Lie Group Theory, a natural and complete theoretical tool for invariance, could
be worthwhile for computer vision researchers, not only due to its application in
active shape models but also in other areas like curve matching, planar shape
recognition, constrained stereo and invariant moments theory.

The non-convexity of the model energy can be also addressed through an au-
tomatic procedure to initialize the model closer to the desired boundary. The
automatic initialization of snakes by supervised statistical learning methods is an
interesting problem that must be considered more deeply in the near future. It
provides also a powerful methodology to incorporate prior knowledge of shape
and image pattern into the segmentation. Besides, the implementation of Dual-
T-Snakes and Dual-Level-Set for 3D shall be considered in order to get dual and
topologically adaptable deformable surface models.
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